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Abstract

This paper makes two main contributions to the econometrics literature on program evalua-
tion. First, we show that under very mild conditions, a policy parameter, LATE, is identified in
a class of switching regime models. The identification is achieved through a discontinuity or a
kink in the incentive assignment mechanism depending on which the agent selects treatment ac-
cording to a threshold-crossing model. In contrast to Lee (2008) and Card, Lee, and Pei (2009),
we allow for not only (possibly) endogenous observable covariate but also (possibly) endogenous
unobservable covariate to affect program participation. Second, we introduce several wavelet
estimators of LATE for both discontinuous and kink incentive assignment mechanisms and es-
tablish their asymptotic properties. The finite sample performances of our wavelet estimators
are examined through a simulation study.
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1 Introduction

As described in Heckman (2008), “incorporating choice into the analysis of treatment effects is
an essential and distinctive ingredient of the econometric approach to the evaluation of social
programs,” and “under a more comprehensive definition of treatment, agents are assigned incentives
like taxes, subsidies, endowments and eligibility that affect their choices, but the agent chooses the
treatment selected.”

This paper studies a class of switching regime models to explicitly account for the role of an
incentive assignment mechanism in an agent’s selection of a binary treatment. Let V € V C R be
a continuous random variable denoting the agent’s observable covariate based on which incentives
are assigned to the agent according to the incentive assignment mechanism b : V — R. Based on
the incentive received b (V') and her characteristic U, the agent chooses the treatment D = 1 or

D = 0 with potential outcomes Y7 (with treatment) or Yy (without treatment) respectively. Let

Yl - gl(V>W)7}/E)ZQO(V7W)7 (1)
D I{b(V) —U > 0}, (2)

where U is the individual’s unobservable covariate affecting selection, W is a vector of individual’s
unobservable covariates affecting potential outcomes, and g1, go are unknown real-valued mea-
surable functions.! The agent’s observable covariate V affects both the potential outcomes and
selection (through the incentive assignment mechanism b). The incentive assignment mechanism b
is assumed to be either discontinuous at a known cut-off vy or differentiable with a discontinuous
derivative at vg. We refer to the latter class of incentive assignment mechanisms as kink incen-
tive assignment mechanisms. Many incentive assignment mechanisms fall into one of these two
categories. A well known example in the first category is b (V) = I {V > v}, which includes the
allocation of merit awards, see Thistlethwaite and Campbell (1960), and many threshold rules often
used by educational institutions to estimate the effect of financial aid and class size, respectively,
on educational outcomes, see e.g., Van der Klaauw (2002) and Angrist and Lavy (1999). Lee and
Lemieux (2009) provides many other such examples. Unemployment benefits assignment and the
income tax system in most countries belong to the second category, see Card, Lee, and Pei (2009)
for more examples.

The above switching regime model can be rewritten as a nonseparable simultaneous equations
model using the individual’s realized outcome: Y = DY; 4+ (1 — D)Y,. The econometrician ob-
serves (V,Y, D). Let Y = y(D,V,W), where y(-,-,) is a real-valued measurable function. Then
g1 (VW) =y(1,V,W) and go (V,W) = y(0,V,W). In terms of the realized outcome Y, the poten-

1This set-up allows for the potential outcomes Y1, Y, to depend on different components of W. Agent selects
treatment based on the threshold-crossing model (2). As shown in Vytlacil (2006), there is a larger class of latent
index models that will have a representation of this form.



tial outcomes model (1) and (2) can be written as
Y =yD,V,W), D=I{bV)-U = 0}. (3)

(3) is a nonseparable structural model with an endogenous dummy variable D and a possibly
endogenous continuous variable V. The endogeneity of D arises from the possible endogeneity of V'
and the dependence between the unobservable errors W and U. It is well known that in a general
nonseparable structural model like (3) with possibly endogenous covariates V' and D, it is difficult
to identify the structural parameters in the model including g1, gg, and the conditional distribution
of (W,U) given V. Often instruments and other conditions are required, see e.g., Chesher (2003,
2005) and Matzkin (2007) and references therein. However, as noted by Marschak (1953), I quote
this from Heckman (2008) who refers to it as Marschak’s Maxim: “For many specific questions of
policy analysis, it is not necessary to identify fully specified models that are invariant to classes of
policy modifications. All that may be required for any policy analysis are combinations of subsets
of the structural parameters, corresponding to the parameters required to forecast particular policy
modifications, which are often much easier to identify (i.e., require fewer and weaker assumptions).”
Examples of important work following Marschak’s Maxim include Heckman and Vytlacil (2005),
Lee (2008), Florens, et al. (2008), Imbens and Newey (2009), Vytlacil and Yildiz (2007), Card,
Lee, and Pei (2009), Chernozhukov and Hansen (2005), among others.

All the above-cited work except Lee (2008) and Card, Lee, and Pei (2009) make use of instru-
ments or control variables to identify policy parameters of interest. The model in Lee (2008) is a
special case of (1) and (2) in which D = b (V) = I {V > vo}. Thus, the treatment selection mecha-
nism is the same as the incentive assignment mechanism in Lee (2008) excluding the possibility of
agent choosing the treatment. By allowing agent’s selection of treatment to depend on her unob-
servable covariate U in (2), our general model is consistent with the observation that often agents
assigned the same incentive choose different treatments. Card, Lee, and Pei (2009) considers the
case of a known kink incentive assignment mechanism b and a continuous treatment D = b(V'), so
the treatment assignment mechanism is the same as the known kink incentive assignment mecha-
nism, again excluding self-selection of the agent.

The first contribution of this paper is to show that under mild conditions, a policy parameter:
local average treatment effect (LATE), is identified in (3), where the source of identification is either
the presence of a discontinuity or kink in the incentive assignment mechanism b. For discontinuous
incentive assignment mechanisms, this result generalizes a similar result in Lee (2008) established
for the case: D = b(V) = I{V > vy}, by allowing for general incentive assignment mechanisms
b and more importantly, for heterogenous choices among agents assigned the same incentive. For
kink incentive assignment mechanisms, our result is similar to a result in Card, Lee, and Pei (2009)

with several important differences: First and most important, Card, Lee, and Pei (2009) assumes



that D = b(V), thus excluding heterogenous choices among agents assigned the same incentive;
Second, they assume the incentive assignment mechanism b is known; Third, they consider a contin-
uous treatment instead of a binary treatment. Our identification result for discontinuous incentive
assignment mechanisms is related to a similar result for regression discontinuity design (RDD) in
Hahn, Todd, and van der Klaauw (2001) and our identification result for kink incentive assignment
mechanisms is related to a similar result for regression kink design (RKD) in Dong (2010). Hahn,
Todd, and van der Klaauw (2001) imposes smoothness conditions directly on the regression func-
tions F (Y1|V =v) and E (Yo|V = v) and exploits certain local independence conditions to identify
LATE, while Dong (2010) adopts a similar set-up. Instead, we impose smoothness conditions on
the structural parameters in (3) and by exploiting the specific structure in (2), we are able to
dispense with the local independence conditions.

The second contribution of this paper is to propose several nonparametric estimators of LATE
using wavelets. First, we establish auxiliary regressions linking the policy parameter, LATE, to
jump sizes § and ¢ in (4) and (5) for discontinuous incentive assignment mechanisms, or kink sizes
dr and (g in (6) and (7) for kink incentive assignment mechanisms. In particular, the policy
parameter LATE in (3) is given by §/( for discontinuous incentive assignment mechanisms and
0 /Ck for kink incentive assignment mechanisms. Thus, estimating the policy parameter LATE
in (3) with discontinuous/kink incentive assignment mechanisms is equivalent to estimating the
jump/kink sizes of two auxiliary regressions. For discontinuous incentive assignment mechanisms,
work in the recent econometrics literature on estimating LATE for RDD are applicable. These
include estimators based on Nadaraya-Watson (NW) kernel regression (local constant regression)
or local polynomial regression estimators of the jump sizes § and ¢ in which ¢ (¢) is estimated by
the difference between two kernel regression estimators or between two local polynomial regression
estimators using respectively the observations to the right and to the left of the cut-off vy, see Hahn,
Todd, and van der Klaauw (2001), Porter (2003), Imbens and Kalyanaramang (2009), Ludwig and
Miller (2007), and Sun (2007). Porter (2003) also proposes a partial linear estimator of LATE based
on Robinson’s (1998) partial linear estimators of § and ¢ and established asymptotic properties
of all three estimators under general conditions allowing for conditionally heteroscedastic errors
and the presence of jump discontinuities in the derivatives of the auxiliary regression functions.
For kink incentive assignment mechanisms, Dong (2010) proposes to extend existing work on local
linear (polynomial) estimators for RDD to RKD without establishing the corresponding asymptotic
theory.

Existing work in the econometrics literature suggest that the local polynomial regression esti-
mator appears to have the smallest asymptotic bias order among the alternative estimators and
achieves the optimal rate established in Porter (2003), providing theoretical justification for the

popularity of local polynomial, especially local linear estimators in applied research. In addition,



for compactly supported kernels, Imbens and Kalyanaraman (2009) derive the optimal bandwidth
for local linear estimators of LATE. However, it is known in the statistics literature that local
polynomial estimators suffer from a serious drawback that for compactly supported kernels, the
unconditional variance of a local polynomial estimator is infinite, and hence the asymptotic MSE
and the asymptotic MSE optimal bandwidth are not defined, see Seifert and Gasser (1996). The
afore-mentioned work on local polynomial estimators of LATE are based on asymptotic expansions
of the conditional variance and conditional MSE of the local polynomial estimators. The infinite
unconditional variance of local polynomial estimators may lead to their poor finite sample perfor-
mance, see Seifert and Gasser (1996). Modifications have been proposed to rectify this problem,
including local polynomial ridge regression (see Seifert and Gasser (1996, 2000)); local polynomial
estimator using asymmetric kernels (see Chen (2002) and Cheng (2007)); and binning and trans-
forming random design to regularly spaced fixed design (see Hall, Park, and Turlach (1998)). Hall,
Park and Turlach (1998) demonstrates that in general their idea of bining and transforming the
data is superior to other approaches especially when there are jumps in the regression function.
This paper proposes several wavelet estimators of jump and kink sizes or equivalently LATE in
our model by combining the idea of binning and transformation in Hall, Park and Turlach (1998)
and the method of wavelets. It is well known that wavelet transform coefficients of a function
at a given location characterize its degree of local regularity (smoothness), so that large wavelet
transform coefficients at large scales correspond to low regularity of the function at that point, see
e.g., Daubechies (1992). Because of this special feature, wavelet transform coefficients have been
used to detect the location of a jump point, see Wang (1995) and Antoniadis and Gijbels (1997) and
more generally the location of any order of a cusp point,? see Abramovich and Samarov (2000), Li
and Xie (2000), Raimondo (1998), and Park and Kim (2006) for random samples and Wang and Cai
(2010) for long memory time series. In addition to detecting the location of a jump or cusp, Li and
Xie (2000), Park and Kim (2006), and Wang and Cai (2010) present a simple estimator (& in our

notation, see Section 3) of the jump size and establish its asymptotic distribution under conditions

2A cusp in a function g with domain [0, 1] is defined as follows. Consider a class of functions on [0, 1] with either
a single jump point o = 0 or a single cusp point a > 0:

(a) F is a class of functions g on [0, 1] such that,

(i) pointwise Lipschitz irregularity at 7: liminf;,_,o |g(7 + h) — g(7 — k)| > 0 for a unique 7 € (0, 1);

(ii) uniformly Lipschitz regularity except at T: supgc,<,< 19(2) — g(¥)|/|z — y|*" < oo and SUD, «pey<r [9(T) —

gW)|/lz — y|* < oo for some o/, 0 < o < 1.
b) Fa (0 < a < 1) is a class of functions g on [0, 1] such that,
i) liminfyr_o |g(7 + h) — g(7 — h)| /|h|* > 0 for a unique T € (0,1);
ii) g is differentiable on (0, 1) except at 7.
¢) Fa (o> 1) is a class of functions ¢ on [0, 1] such that,
i) g is N times differentiable on (0,1), where N is the largest integer part of «;
i) g™V € Fo_w.
In sum, for g € F, (a > 0), a single jump point or a single cusp point 7 satisfy:
liminfy o [g™) (7 + h) — g™ (v = h)| /|B|*~N > 0.
For a = 0, 7 is a jump point of g; for 0 < o < 1; 7 is a cusp of g; for @« = 1, 7 corresponds to our definition of a
kink point in g; for a general, interger «, 7 is a jump point in the a-th derivative of g.

o~~~ —~



including homoscedastic errors and undersmoothing. To the best of the authors’ knowledge, the
method of wavelets has not been used to estimate kink size.> Given the close connection between
the estimation of LATE in (3) and of jump/kink sizes in the corresponding auxiliary regressions,
it seems natural to exploit this special feature of wavelets to estimate LATE. The second part of
this paper accomplishes this objective.

For discontinuous incentive assignment mechanisms, the first wavelet estimator of LATE we
propose makes use of wavelet estimators of the jump sizes § and ( similar to that of Park and
Kim (2006). We motivate our estimator using the representation of the auxiliary regressions in the
wavelet domain. In addition, we establish the asymptotic distribution of our estimator under more
general conditions than Park and Kim (2006). First, we allow for conditionally heteroscedastic
errors in the auxiliary regressions, and second we allow for the presence of jump discontinuities
in the derivatives of the auxiliary regression functions at the known cut-off point vg. Like the
estimator of Park and Kim (2006), our first estimator makes use of only one wavelet transform
coefficient corresponding to the location vy and a given scale. The representation of each auxiliary
regression in the wavelet domain corresponding to different locations and scales suggests that the
wavelet transform coefficients at locations close to vg and relatively large scales may also contain
information on the jump size which motivate our subsequent wavelet estimators of the jump sizes
and of the LATE parameter. Specifically, we propose three new wavelet estimators of the jump
sizes 0 and ( using wavelet coefficients at locations close to vy and/or more than one scale: the
single scale estimator making use of wavelet transform coefficients at a single scale and more than
one location; the single location estimator making use of wavelet coefficients at one location vg
and more than one scale; and the multiple scale and multiple location estimator. We call our
new wavelet estimators wavelet OLS estimators. We establish their asymptotic properties and
the asymptotic properties of estimators of the LATE parameter based on them. The asymptotic
results confirm that indeed our wavelet OLS estimators using more than one wavelet coefficients
have better asymptotic properties than the single coefficient wavelet estimator currently available
in the literature. In particular, our wavelet OLS estimator using more than one location reduces the
order of the asymptotic bias and the estimator using more than one scale reduces the asymptotic
bias proportionally. A simulation study investigates the finite sample performance of the proposed
wavelet estimators and confirms our theoretical findings. It reveals the best overall performance by
the wavelet OLS estimator based on more than one scale and more than one location.

All the wavelet estimators of LATE proposed for discontinuous incentive assignment mechanisms
have analogues for kink incentive assignment mechanisms and share similar properties. For space
considerations, we only provide asymptotic properties of the wavelet estimator based on one wavelet

coeflicient only and the wavelet OLS estimator based on single scale and many locations.

3Zhou, et al. (2010) provide an estimator of the cusp size for 0 < o < 1.



The rest of this paper is organized as follows. In section 2, we establish conditions under
which LATE is identified in (3) and conditions under which the auxiliary regressions hold for both
discontinuous and kink assignment mechanisms. Section 3 presents our first wavelet estimators
of LATE for both discontinuous and kink incentive assignment mechanisms. Under regularity
conditions, we establish their asymptotic distributions allowing for conditional heteroscedasticity
and for the presence of jump discontinuity in the derivatives of auxiliary regression functions at vg for
discontinuous assignment incentive mechanisms and in the higher derivatives of auxiliary regression
functions for kink incentive assignment mechanisms. Motivated by the wavelet representations of
the auxiliary regressions, we propose three additional wavelet estimators of LATE for discontinuous
assignment mechanisms and establish their asymptotic distributions in Section 4. For kink incentive
assignment mechanisms, we propose and establish the asymptotic distribution of the single scale
wavelet OLS estimator. Section 5 presents results from a Monte Carlo simulation study investigating
the finite sample performance of our wavelet estimators. The final section concludes the paper and
outlines some future research. Technical proofs are relegated to Appendices A, B, and C.

We close this section by briefly reviewing some work in the statistics literature on jump/kink
detection and their size estimation. While nonparametric estimation of LATE in RDD or RKD
is a relatively new topic in econometrics, nonparametric detection and estimation of the location
and size of a jump/kink of a regression function has a long history in statistics. In fact, all three
approaches (NW, partial linear and local polynomial estimators) in existing work on estimating
LATE in RDD have been used to detect/estimate jump/kink locations and sizes in early work in
statistics. One important difference is that most work in statistics focus on fixed, equally spaced
design and homoscedastic errors (some on normal errors). We mention a few papers here and
refer the interested reader to references therein. First, work using differences between two kernel
estimators include Muller (1992) in which he constructs estimators of both jump and kink sizes
and established their asymptotic distributions for random samples. In fact, Muller (1992) employs
boundary kernels to overcome the well-known boundary problem associated with standard kernel
estimators. Second, Eubank and Whitney (1989) proposes a partial spline estimator of the kink
size and establishes the lower bound for its rate of convergence. Similar partial spline idea can be
found in Koo (1997) for detecting change point. Eubank and Speckman (1994) proposes a partial
linear (kernel) estimator® of the kink size and established its asymptotic distribution, and Cline, et
al. (1995) extends the partial linear (kernel) estimator to a more general framework including the
presence of discontinuity in any order of derivatives of the regression function. Third, for the use of

difference between two local polynomial estimators, we refer the reader to Loader (1996), Qiu and

“Delgado and Hidalgo (2000) extends estimators of Muller (1992) to time series model.

®Shiaua and Wahba (1988) and Eubank and Speckman (1994) contrast the partial spline and partial linear (kernel)
methods under various smoothness conditions on the Fourier transform of the nonparametric function in a partial
linear model.



Yandell (1998), and Bowman, et al. (2006) for detecting the jump point; Gijbels and Goderniauxa
(2005) for detecting the kink point; and Gao, et al. (1998), Spokoiny (1998), Gijbels, et al. (1999,
2007), and Desmet and Gijbels (2009) for adaptively estimating the regression curve with a jump

point.

2 Identification and Auxiliary Regressions

There are two parts in this section for discontinuous and kink incentive assignment mechanisms
respectively. In each part, we first provide conditions under which LATE is identified in (3) and
then establish auxiliary regressions that will be used to estimate the identified LATE in Sections 3
and 4.

Let (2, F, P) denote a probability space. To simplify technical arguments, we assume the ran-
dom variables V€ V C R, U € U C R, and W € W C R? are continuous random variables/vectors
defined on (2, F, P) and that the distributions of W, V, U are absolutely continuous with respect to
the Lebesgue measure with pdfs fiy (w), w € W, fv (v), v € V, fu (u), u € U. Throughout the rest
of this paper, we adopt the following notation: [-du = [, -du, [-dw = [, -dw, and [ -dv = [, -dv.
In addition, Fy g (alb) and f4 g (alb) denote respectively the conditional distribution function and
conditional density function of A given B = b; all the limits are taken as the sample size n goes to

oo unless stated otherwise.

2.1 Discontinuous Incentive Assignment Mechanism

2.1.1 Identification

The following conditions will be used to prove identification of LATE.

Condition D1. Assume (i) fyw (v|w) is continuous and strictly positive at v = vy for every
w € W; (ii) fv(v) is continuous and strictly positive at v = vo; (iii) fyw,v(v|w,u) is continuous
and strictly positive at v = vy for every u € U and w € W.

Condition D2. Assume g;(v,w) and go(v,w) are continuous at v = vy for every w € W.

Condition D3. For j = 1,0, assume (i) E'|Y;| < oo; (ii) f,, sup,ey )gj (v, w) fwv (w\v)‘ dw <

Condition D4. (i) Assume b(v) is an increasing and continuous function in a neighborhood
of vy except at vg and is right continuous at v = wvp; (ii) Denote b = lim,,, b(v) = b(vg) and
b~ = limyyy, b(v). We assume [b~,bT] N U is not empty.

Condition D5. (i) Assume Fyy(ulv) is continuous in u € U and v = wvp; (ii) Assume
Fyv,w (ulv,w) is continuous in w € U and v = vp for every w € W.

Condition D1 rules out complete manipulation at vy and imposes smoothness condition on the

corresponding density functions. Tests for Condition D1 are available, see Otsu and Xu (2010) and



the references therein. Condition D2 imposes continuity at vy of the potential outcome functions.
Condition D3 is a regularity condition. Let D (v) = I {b(v) — U > 0} for v € V. Then D = D (V)

and the propensity score is given by
P(v)=Pr(D =1V =v) = Fyy (b(v)|v).

Condition D4 imposes conditions on the incentive assignment mechanism b. Without loss of gener-
ality, we assume in Condition D4 (i) that b(v) is increasing and right continuous at v = vy. Further
we assume in Condition D4 (ii) that [b~,b%] and the support of U are not mutually exclusive;
otherwise, the propensity score P(v) would be continuous at v = vy taking values 0 or 1. Obviously
the incentive assignment mechanism b (v) = I {v > wvg} satisfies Condition D4 as long as [0, 1] N is
not empty. Condition D5 imposes smoothness conditions on the conditional distribution functions
of U. Under Conditions D4 and D5 (i), the propensity score is discontinuous at wvg:

lim P(v) = FUlV(}]iﬁ% b(v)vo) = Fyjv (b™vo) = Fyjv (b(vo)|vo),

vlvg

lim P(v) = Fyy (b |vo).

vTvo
Conditions D1, D2, and D3 imply Assumptions (A1) and (A2) in Hahn, Todd, and van der
Klaauw (2001) which assumes continuity of the regression functions E(Yp|V = v) and E(Y1|V = v)
at vg. However, compared with the identification results in Hahn, Todd, and van der Klaauw

(2001), Theorem 2.1 below does not require any local independence assumption. Let A =Y; —Yj.

THEOREM 2.1 Under Conditions D1-D5, we have
limy| o E(Y|V =) — limypy, E(Y|V =)
limy |y, P(v) — limypy, P(v)
= leiﬁr)lE(Aﬂ/ =g, D(vo +€) — D(vg —€e) = 1)

1
— E vo|W,U)I b~ <U<b" o, W) — v, W)
(o) [ fop(ulo)du [ ol W.U)1 } (91(v0, W) = golvo, W)]

Theorem 2.1 implies that in model (1) and (2), under conditions D1-D5, we identify a weighted

average treatment effect for the subpopulation of individuals whose treatment status will change
if the value of V' is changed from a value slightly smaller than vg to a value slightly larger than
v, i.e., the LATE parameter introduced in Imbens and Angrist (1994). Those individuals who
are more likely to obtain a draw of V near vg receive more weight than those who are unlikely to
obtain such a draw. It is worth emphasizing that Conditions D1-D5 are not sufficient to identify
the structural parameters g1, go, and fy, v/, but sufficient to identify the policy parameter LATE.
When D = I{V > wvg}, Theorem 2.1 reduces to Proposition 3 in Lee (2008):
lim E(Y|V = ) —lim E(Y|V =v) = E(A|V =)

vlvg vTvg

= fv(lvo)EW [fV|W(U0|W) (91(vo, W) — QO(UOaW))} -

8



In this case, we identify a weighted average treatment effect for the entire population and this
weighted average treatment effect is identical to 6 = E (A|V = vp).

Proof of Theorem 2.1. Take vy € V and v_ € V such that vy > vg > v_. We will look at
E(Y|V =v4) and E(Y|V = v_) separately. Under condition D4 (i), b(v4+) > b(v_).

First, we have

EY|V = wvy)
— E(Y|V =uv.,D(vs) =1,D(v_) = 0)
EY|V = wvy,Dwy)=1,D(wv_)=1)P )
E(Y|V = vy, D(vy) =0,D(v_) = 0) Pr(D(vy) = 0,
E(Y|V = v,,D(vy)=0,D(v_)=1)P ) =0
— EM|V = vy, D(vy) = 1, D(v_) = 0)Pr(D(vs) = 1, D(v_) = 0]V = v,)
EW|V = vy, D(vy) =1,D(v-) = 1) )
EYo|V = vy, D(vy) =0,D(v-) = 0) Pr(D(vy) =
EMWV = vy, D(vy) =0,D(v-) =1)P )

Now from Condition D5 (i), we obtain:

lim Pr(Di(vy) = 1,Di(v-)=0|V;=wvy)

V4, V——0

= lim Pr(b(v-) <U; <b(vy)|Vi =vq)

V4,V —Ug

= Pr(b- <U; <bT|Vi=1p).
Similarly, we obtain:

lim Pr(D(vy) = 1,D(v_)=1V =vy)=Pr (U <b7|V =),

V4,V——70

lim Pr(D(vy) = 0,D(v-)=0|V =vy)=Pr(U>b"|V=1p),

V4,V =0

lim Pr(D(vy) = 0,D(v_)=1|V =0vy)=Pr(b" <U <b"|V =1vp) = 0.

V4, V——V0

As a result,

lim EY|V = vy)

V4 —U

- [ lim  E(Yi|V =vg,b(v-) <U <b(vy))

V4,V =0

Pr(b- <U <bt|V = v)

—i—{ lim EY|V=v.,U <b(v ]Pr (U< b7V =)

V4,V——70

-l-{ lim E(Y|V =v4,U>b(v }Pr (U >bT|V =)

V4,V——v0



Similarly, we can show:

lim EY|V = v.)

V_—v0

= [ lim  E(Y|V=v_,b(v-) <U <b(vy))

V4,V —0 -

Pr(b- <U <bT|V = u)

+ [ im EW|V =v U< b(v_))} Pr (U < b7 |V = v)

V4, V——VQ

—i—[ lim  E(Yo|V =v_,U >b(v"))

V4,V——v0

Pr (U > bT|V = ).
Lemma A.2 implies that for j = 1,0:

lim EY;|V = vy ,b(vo)<U<b(vy)) = lim E;|V=v_,b(v_) <U <b(vy))

VU,V —V0 V4,V —Vg

= EY;|V =wvy,b” <U<b"),

lim EY;|V = v ,U<b(v-))= lim EY;V=v_,U<b(v-))
0

V4, V- —V0 Vg,V —V

= E(YJ\V = ’U(),U § b_),

and
v+,yfn—wo EY;|lV = vy, U>b(vy)) = v+}uifn_)vo E(Y;|V=v_,U > b(vy))
= E;|V =v,U >0b").
Thus,

lim,, vy E(Y|V =vy) = lim,__, E(Y|V =0v_)
limy |, P(v) — limypy, P(v)
= EMW|V =wvp,b- <U <b") — BE(Yo|V =v,b- <U < b")

= lim E(A|V =vy,D(vy) — D(v-) =1).

U4,V——v0

Finally let A = {b~ < U; <b*}. It follows from Lemma A.1 that for j = 1,0,
EY;|V = wo,b- <U <b")
= /gj(UOaw)fW|V,U(w|UOaA)dw

_ , I fviw,o (volw, w) fw,u (w, u)du
/g](UO’w) bt dw
fv(vo) [y~ fu (ulvo) du

— Euwo fviwu (@W,U)
T fvwo) 2 fu (ulvo) du

I{bi <UL b+}gj(v0,W)

Q.E.D.

10



2.1.2 Auxiliary Regressions

In this subsection, we present conditions on the structural parameters in (1) and (2) to justify the

auxiliary regressions below:

Y = g(V)+6{V > v} +e, (4)
D = hV)+I{V > v} +e, (5)
where E (¢|]V) =0, E (¢|]V) =0, and
J= 11)1553 EY|V =v) - 11}1{5(1) EY|V=v), (= 11)1&2) P(v) — 11)1%(1) P(v).
Unlike Porter (2003) and Imbens and Kalyanaramang (2009) who directly assume continuity of g
and h, we impose sufficient conditions on the structural parameters in (1) and (2) to ensure that g
and h are continuous on the support of V.
Condition D1(A). Assume (i) fyw(v|w) is continuous and strictly positive on V' for every
w € W; (ii) fy(v) is continuous and strictly positive on V; (iil) fyw,v(v|w,u) is continuous and
strictly positive on V for v € U and w € W.
Condition D2(A). Assume ¢;(v,w) and go(v,w) are continuous on V for every w € W.
Condition D4(A). b(v) is continuous in v € V except at vg.
Condition D5(A). (i) Assume Fyy (u|v) is continuous in u € U and v € V; (ii) Assume

Fyv,w (u|v,w) is continuous in u € U and v € V for every w € W.

Proposition 2.2 Under Conditions D1(A), D2(A), D3, D4, D4(A), and D5(A), the functions g(-)

and h(-) are continuous on the support of V.

Remark 2.1. It is clear from the proof of Proposition 2.2 that under Conditions D1-D5, the
functions ¢(-) and h(-) are continuous at vg. For the jump wavelet estimator introduced in Section

3, it is sufficient that g(-) and h(-) are continuous at vy.

2.2 Kink Incentive Assignment Mechanism

2.2.1 Identification

Many policy assignment mechanisms including allocation of unemployment benefits and income
tax systems violate Condition D4. Instead they satisfy Condition K4 below.

Condition K1. Assume (i) fyw(v|w) is continuously differentiable in a neighborhood of wg
and fy (vo|w) > 0 for every w € W (ii) fy(v) is continuously differentiable in a neighborhood of
vo and fy(vo) > 0; (iii) fyw,u(vlw,u) is continuously differentiable in a neighborhood of v and
Jviwu(volw,u) >0 for u € U and w € W.

Condition K2. Assume ¢ (v, w) and go(v, w) are continuously differentiable in a neighborhood

of vy for every w € W.

11



Condition K3. For j = 1,0, assume (i) E|Y}| < oo;
(ii) For all w € U, supv|M |M|du<oo
(iii) For all w € W, [ sup, \W!du < oo and [ [sup, \%W!dudw < 00.

Condition K4. (i) Assume b(v) is increasing and continuously differentiable in a neighborhood

| < oo and [sup,

of vy except at vg, where its derivative is right continuous at v = vy; (ii) b(vg) € U.

Condition K5. (i) Assume Fyy(ulv) is continuously differentiable in u € U, and continu-
ously differentiable in a neighborhood of vy as well; (ii) Assume Fyjy (ulv,w) is continuously
differentiable in uw € U and continuously differentiable in a neighborhood of vy for every w € W.

We note that Condition K4 is also used in Card, Lee, and Pei (2009) which assumes D = b (V)
implying a continuous treatment D under Condition K4. Instead we focus on a binary treatment
D and allow for the unobserved covariate U to affect the agent’s selection of treatment status.

Denote b'" = limy, |, ' (v) = V' (v9) < o0 and '~ = lim,py, ' (v) < 0o. Condition K4 (i) implies:
b # b't. Under Conditions K4 and K5 (i), the propensity score is discontinuous in its first

derivative at vg. To see this, we note that

PWO:hvwmwww+“%gﬁ@W_

So under conditions K4 and K5, we obtain:

lim P'(v) = fuv(b(vo)|ve)b™ + /b(m) Mdu

vlvg ov ’
(vo) O

i P0) = fup O~ + [ LA,

vTvo ov

and
lilm P'(v) — liTm P'(v) = fuv (b(vo)|vo) [ — 7] # 0.
v|vo vTvo

THEOREM 2.3 Under Conditions K1-K5, we have

limy, |, dE(Y |V = v)/dv — limy1,, dE(Y|V = v)/dv
limy | yy P'(v) = limy gy, P/ ()
= hﬁ)lE(A’V = UO,D(UO + 6) — D(vg — e) = 1)

fwiu,v (W1b(vo), vo)
fw (W)

= EW [gl(UO, W) - gO(’UO) W)]

2.2.2 Auxiliary Regressions

For kink incentive assignment mechanisms, we establish the following auxiliary regressions:

Y = gK(V)+(5K(V—U0)I{V200}4-51(7 (6)
D = hg(V)+x(V —vo)I{V > v} + €x. (7)

12



where E(eg|V) =0, E(ex|V) =0, and

ok = lide(Y]V:U)/dv—lideE(Y]V:v)/dv,
Vv

vlvg

(k¢ = lim P'(v) — lim P'(v).

vlvo vTvo

Condition K1(A). Assume (i) fyy (v|w) is continuously differentiable on V' for every w € W;
(ii) fv(v) is continuously differentiable on V; (iii) fy/w,y(v|w,u) is continuously differentiable on
V foru € Y and w € W.

Condition K2(A). Assume g1 (v, w) and go(v,w) are continuously differentiable on V for every
weW.

Condition K4(A). b(v) is continuously differentiable for v € V except at vy, where it is only
continuous.

Condition K5(A). (i) Assume Fyy(ulv) is continuously differentiable in both u € U and
v € V; (ii) Assume Fyjy,w (u|v,w) is continuously differentiable in both u € & and v € V for

every w € W.

Proposition 2.4 Under Conditions K1(A), K2(A), K3, K4, K4(A), and K5(A), the functions

gk () and hi(-) are continuously differentiable on V.

3 The First Wavelet Estimator

Let 6 denote the identified LATE parameter. In this and the next sections, we propose wavelet
estimators of LATE for both discontinuous and kink incentive assignment mechanisms. Throughout
this and the next sections, we assume the conditions of Propositions 2.2 and 2.4 hold respectively
for discontinuous and kink incentive assignment mechanisms and a random sample (V;,Y;, D;),

i =1,...,n, is available.

3.1 Discontinuous Incentive Assignment Mechanism

Under discontinuous incentive assignment mechanism, LATE is identified as § = 6/, where ¢ and
¢ are respectively the parameters in the auxiliary regressions (4) and (5). Since the idea underlying
the estimation of d and ( is the same, we focus on the estimation of .

The wavelet estimator of § we propose in this section is closely related to the estimator of the
jump size of the regression function E (Y;|V; = v) studied in Park and Kim (2006). Let Fy (-) denote
the distribution function of V; and 7 = Fy (vg). Let Vi, < -+ < V., denote the order statistics
of {V;}, and {Y[m]}jzl the concomitants of {Vj.,}"; or induced order statistics. Further let
ti=1i/nfor 1 <i<n.

13



To motivate our first wavelet estimator and wavelet OLS estimators in Section 4, we consider the
auxiliary regression in the wavelet domain. Let Fy, (-) denote the empirical distribution function®
n
of {V;}?_;. Then the induced order statistics {Y[m]} . satisfy:
1=

1/[zn] = g(v;n) + 61{‘/@71 > 'UO} + e[i:n]
= g(Fy" (t:) + 0I{ti > Fy (v0)} + Ejin)
= G(t)+dl{ti>7}+e,

~

where G(t) = g(F;/!(t)), 7 = Fy(vo), and

e = [g(Fy ' (1) = 9(By " (8)] + €fimy-

Suppose 9 (t) is a real-valued (mother) wavelet function on the interval [a,b] with —co < a <

0 < b < o0, ie., it satisfies:

/abw(t)dt:(),/abwg(t)dt

~ 2 ~
and an admissibility condition that [ ‘w (& )‘ /€| d§ < oo, where v (£) is the Fourier transform of
¥ (t). Let AA (1) denote the wavelet coefficient of {A;}" | at cut-off point 7 and scale jo:

~ 9jo/2 ™
A (1) = ZAﬂp 290 (t; — 7).

Then we have:
AY NG ANd Ae
Ajo (1) = Ajo (1) + 5Aj0 (1) + Ajo (1) (8)

where d; = I{t; > 7} and

9jo/2 1

Zyz n]w 2J0(t - T))

AY

A (T) =
It is well known that the wavelet coefficient ﬁﬁ) (1) captures the variation of the sequence

{A;}}_, at cut-off point 7 and scale jo. When the scale is large enough, Aﬁ) (1) is small unless

there is a jump or isolated singularity in {A;};", at 7. Since G(t) is continuous at T, we expect

ﬁ% (1) to be small at large enough jp motivating our first wavelet estimator 5

A} (7)

~

AS(T)

5 =

The estimator studied in Park and Kim (2006) is
0/2AY (=

270/ AL (7')
Jo (u)du

SPark and Kim (2006) chooses a piecewise linear version of the empirical distribution function. All the results in
this paper carry over to this case.

§ =
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To establish asymptotic properties of (5A, we adopt the following assumptions. We note that the
1 function needs to satisfy assumption A4 only. All wavelet functions satisfy A4, but functions
satisfying A4 may not be wavelet functions. For the ease of exposition, we will refer to any
function satisfying A4 as a ‘wavelet’ function, the corresponding transform coefficients as ‘wavelet’
coefficients, and our estimators as wavelet estimators.

Assumption Al. A random sample (V;,Y;, D;), i = 1,...,n, is available.

Assumption A2.

(G). Let G(t) = g(F,* (). (a) G(t) is lg times continuously differentiable for ¢ € (0, 1)\ {7},
and G(-) is continuous at 7 with finite right and left-hand derivatives to order g > m + 1; (b)
Right and left hand derivatives of G(t) up to order I > m + 1 are equal at 7, where m is defined
in Assumption A4.

(H). Let H(t) = h(F;; (t)). (a) H (t) is Iy times continuously differentiable for ¢ € (0,1)\{7},
and H (-) is continuous at 7 with finite right and left-hand derivatives to order i > m + 1; (b)
Right and left hand derivatives of H (t) to order [ > m + 1 are equal at 7, where m is defined in
Assumption A4.

Assumption A3. (G). (a) 02(v) = E(¢?|[V = v) is continuous at v # vg and its right and
left-hand limits at vg exist; (b) For some ¢ > 0, E[|¢|>T¢|v] is uniformly bounded on the support of
V.

(H). (a) 02(v) = E(|V = v) is continuous at v # vy and its right and left-hand limits at vg
exist; (b) For some ¢ > 0, E[|¢|>T¢|v] is uniformly bounded on the support of V.

(GH). 0. (v) = E(gi€;|V; = v) is continuous at v # vg and its right and left-hand limits at vy
exist.

Assumption A4. (a) The function 9 (-) is continuous with compact support [a,b], where
a < 0 < b and m vanishing moments, i.e., ff uwitp (u)du = 0for j =0,1,...,m—1; (b) fobz/z(u)du #0,

;umw (u) du # 0, and ff [u™ (u)| du < oo; (c) 9 has a bounded derivative.
240

Assumption A5. (a) As n — oo, jo — oo, == — 0, and 2%0 517 — Ca < 005 (b) As n — o0,

270

Jo — 00, == — 0, and ()™, /-

570 515 — Cb < 00.

Assumption Al may be relaxed to allow for non i.i.d. data by using the extension of Theorem
1 in Yang (1981) presented in Chu and Jacho-Chavez (2010). Assumption A2(G) (a) allows for
jumps in the derivatives of G at T up to order lg. Work in the statistics literature on detection of
jumps such as Wang (1995) and Park and Kim (2006) assume away the presence of jumps in the
derivatives of G at 7 so that Assumption A2(G) (b) holds. Assumption A3(G) imposes conditions
on the conditional variance function and EJ|¢|>*¢[v]. Park and Kim (2006) assumes a constant
conditional variance function. Assumption A4 specifies the class of functions . In contrast to a
kernel function which integrates to one, the function 1 integrates to zero and shares the properties

of an m-th order kernel otherwise. Examples of 1 include wavelet functions such as the class of
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Daubechies’ compactly supported wavelet functions D(L) and the class of least asymmetric wavelet
functions LA(L), where m = L and [a,b] = [— (L —1),L]. In addition, the second derivative
functions of kernel functions constructed in Cheng and Raimondo (2008) for which [a,b] = [-1, 1]
and m = s — 1 and the differences between the two kernel functions used in Wu and Chu (1993)

also satisfy Assumption A47. Assumption A5 imposes conditions on the scale jo.

THEOREM 3.1 Suppose A1, A3(G), and A4 hold.
(i) When A2(G) (a) and A5 (a) hold, we obtain: 1/2%(3— 0) and /55 (5 — &) have the same

asymptotic distribution and

n = d
V350 =8 5 N (CaBa, V),

where

B [G(j)(T) — G(,l)(T)} féj »(u)udu
’ I3 ¥ (w)du ’
024 (v0) Jo ¥*(w)du + o2_(vo) [, ¢*(u)du

(S8 v ydu)”

(ii) When A2(G) (b) and A5 (b) hold, we obtain: 1/2%0(3\— 9) and ,/2%(3— d) have the same

asymptotic distribution and

\/ 2%(5\_ 5) i> N(CbBb,V),

where

vV =

GO (r) [y wmp(w)du

B, —
' SO (w)du

When o2 (v) is a constant, the asymptotic distribution of ¢ given in Theorem 3.1 (ii) reduces
to that in Park and Kim (2006). Theorem 3.1 (i) reveals a similar asymptotic behavior of § to
the Nadaraya-Watson kernel estimator in Porter (2003) under A2(G) (a). However, as revealed in
Theorem 3.1 (ii), although A2(G) (b) does not affect the asymptotic distribution of the Nadaraya-
Watson kernel estimator in Porter (2003), it does affect the asymptotic distribution of our wavelet
estimator 6. In particular, it reduces the order of the asymptotic bias of § from 2790 to 2-mo,
Thus, in terms of asymptotic bias, & behaves more like the partial linear estimator of Porter (2003).
This is not surprising, given that we transformed our covariates {V;};; to equally spaced design
{t;};—, and the observation in Eubank and Speckman (1994) that for equally spaced design, their
partial linear estimator of the jump size is asymptotically equivalent to an estimator similar to &

with a specific ¢ function. In general, transforming a random design to an equally spaced fixed

"See Assumption C1,s in Cheng and Raimondo (2008).
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design before applying nonparametric method leads to better finite sample performance, see Hall,
et al. (1998). In our context, this also leads to estimators that are design-adaptive: the asymptotic
bias and variance of our estimators do not depend on the density fy (v). In addition, the discrete
version of our estimator can be computed by applying the Cascades Algorithm by Mallat (2009).
Remark 3.1. It is interesting to observe that 7 is the location of the jump in the regression
model with regularly spaced design points, so we can estimate 7 by any existing estimator of the
location of the jump proposed in the literature, such as Raimondo (1998). Under standard regularity

~1/2 45 the conclusions in

conditions, all the existing estimators converge at rates faster than n
Theorem 3.1 and in all other theorems in this paper for the discontinuous assignment mechanism
remain valid.

We are now ready to estimate the LATE parameter . Let {D[m} }:;1 denote the concomitants
of {Vin}7; corresponding to {D;};" ;. Our first wavelet estimator of § = ¢/¢ is defined as 6 = §/¢,
where

. AP
‘= (

=)

)
Ad Ad ()
For simplicity, we have used the same mother wavelet ¢(-) and scale jy to estimate § and (.

This can be relaxed at the expense of more lengthy derivations.

THEOREM 3.2 Suppose A1, A3, and A4 hold.
(i) When A2 (a) and A5 (a) hold, we obtain:

. 5 — YD
(n/2)"/? ( 2 ) N (( oo, ) , ( o o )) ,

2
5) 4N <1ca {Ba — 535] ¥ [V - 2—51/“7 5VDD ,

and

0\1/2
(n/2%) ( ¢ ¢ c ¢ 2

where

«f\,)\ )

oo Y@ - BYO)] [ v weds
a é) () )
yo _ Gh0) Jy 43 >du+a (t0) [ ()

(Jy wtuydu)

pYD _ Oe(v) Jo ¥R (u >du+ose (v0) Jy ¢ (u)du
(Jy vtuda)
(ii) When A2 (b) and A5 (b) hold, we obtain:

A 5 — YD
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and
‘ 5 6 1 5 1 26 52
joyi/2 (2 _ 2} 4 - 95D & %9y vyD | 9 D
mr (2-2) 2 (o[- Lop) S [v - Zvoe Zoe)),
where
p_ HO() [P umg(u)du
b fé’@b(u)du '

3.2 Kink Incentive Assignment Mechanism

For a kink incentive assignment mechanism, the auxiliary regressions are given in (6) and (7).
n

Again we focus on the estimation of dx. First we note that the induced order statistics {Y[m] } )
1=

satisfy:

Yin) = 9k (Vien) + 0k (Vin — v0) I{Viin, > vo} + €K [in]
= 9K (f‘}?l (tz’)> + 0k (Bt () — vo) I{ti > 7} + exc fium)-

Similar to the discontinuous incentive assignment mechanism case, we propose the following esti-

mator of dk:

(SK == NP
A?O (7)

where k; = {}AW‘; Yty) — vg} I{t; > 7}. We will show that under conditions stated below, dx has the

same asymptotic distribution as

5 1 zn: 2]'011) {Qjo(% _ 7—)}

S R G ) ] v

Like the discontinuous incentive assignment mechanism case, T could be replaced with any

Yv[zn] :
u

existing estimator of the kink location in the first derivative of a nonparametric regression function
including Raimondo (1998).

Assumption A2K.

(G). Let Gk (t) = gr(FyH(t). (a) Gk (t) is lg + 1 times continuously differentiable for ¢ €
(0, D\{7}, and Gk (-) is continuously differentiable at 7 with finite right and left-hand derivatives
to order g + 1 > m + 2; (b) Right and left hand derivatives of Gi(t) to order l¢ +1 > m + 2 are
equal at 7, where m is defined in Assumption A4K.

(H). Let Hg(t) = hx(Fy,*(t)). (a) Hg (t) is Iy + 1 times continuously differentiable for ¢ €
(0,1)\{7}, and Hg (-) is continuously differentiable at 7 with finite right and left-hand derivatives
to order Iy +1 > m+ 2; (b) Right and left hand derivatives of Hg (t) to order Iy +1 > m + 2 are

equal at 7, where m is defined in Assumption A4K.
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Assumption A4K. (a) The function 9 (-) is continuous with compact support [a,b], where
a < 0 < band m+ 1 vanishing moments, i.e., f; uwiep (u)du =0 for j =0,1,...,m; (b) fé’ uth(u)du #
0, [P um 4 (u) du # 0, and [° [u™ 14 (u)| du < o0; (c) 1 has a bounded derivative.
2370 n

Assumption A5K. (a) As n — oo, jo — 00, == — 0, and 2]0 5355 — CKa < 00; (b) As

n — 0o, jo — 00, @—»O and(QJO)m 5350 — Ckp < 00.
Assumption A6K. (a) F},'(v) is continuously differentiable on the support of V; (b) Fy,'(v)

is m times continuously differentiable on the support of V.

THEOREM 3.3 Suppose A1, A3(G) for e, and A4K hold.
(i) When A2K(G) (a), A5K (a) and A6K (a) hold, we obtain: ,/23%(31(—5[() and /53 (0 —

dx) have the same asymptotic distribution and

\/ 537 23]0 0k — 0x) % N (CxaBra: Vi) ,

where
(62, (1) -G }fé’ w1
Bk, = 2f0 u1/1 u V(U0)7
y f2(v0) |02, (v0) [y w(u)du +02_(v0) [ v (w)dul
K = .
(i wp()ur)”

(ii) When A2K(G) (b), A5K (b) and A6K (b) hold, we obtain: ,/23%-0(5}(—51() and /53 0k —0K)

have the same asymptotic distribution and

\/ 5370 23]0 Ok — 0x) % N (CrapBicn, Vic)

where
G m+1 fb ’U,m+1’¢} )
(m + 1)! fg utp(u)du

Bry, = % fv (vo).

Comparing Theorems 3.1 and 3.3, we observe the same qualitative behavior of § and (5AK in
terms of the order of their asymptotic bias: the order of the asymptotic bias of 5AK depends on
whether there are jump discontinuities in the second and higher order derivatives of G .

Finally our first LATE estimator for kink incentive assignment mechanisms is defined as 1% / QA“ K
where (i = AP (7) /Ak (7).

THEOREM 3.4 Suppose A1, A3 for ex and ex, and A4K hold.
(i) When A2K (a), A5K (a) and A6K(a) hold, we obtain:

[ (0 _dic) 4y (1 _9pp _Byyp )
93j0 (gK gK> N(CCKQ[BKG CBK"}’CQ [VK CV CQVKD
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[HZ, (1) = HZ (7)] 3 u?to(w)du

Ka = v
BKa — Qféjuw(u)du fV( 0)5
p S0 [0 (o) [F P )+ o2 (o) 7 9 ()]
K N ?
(12 o))’
yrp (o) {Jgﬁ(vo) Jo? (u)du + G%(vo) JO W(u)du] |
(fé’ uw(u)du)

(1) When A2K (b), A5K (b) and A6K(b) hold, we obtain:

nSédl 51255
vgwo<§i‘<§> (cC“{BK“‘cBQJ’GZPI G <“@l>

where
H{ID (1) [2um i (u)du

BIL{)b = b
(m+1)! g uyp(u)du

fv(vo).

4 The Wavelet OLS Estimators
4.1 Discontinuous Incentive Assignment Mechanism

Note that the wavelet estimators 6 and & make use of one wavelet coefficient of {Y[i:n] }711 only, the

n
one at location 7 and scale jg. Heuristically wavelet coefficients of {Y[m]} . at locations near 7
1=

and other fine scales contain information about ¢ as well. Formally, it follows from
Yiim) = G (1) + 0I{t; > Fy (vo)} + {[Q(ﬁ\71 (t:) — G (ti)} + 5[i:n]} ,
that
AY (t) = AG (t) + 6A% () + A (t), for all j and ¢ € [0,1], (9)

where A;‘ (t) denotes the wavelet coefficient of {A;};" ; at location ¢ and scale j, i.e.,
2i/2 ™

—fZ&ww t).

The wavelet regression (9) suggests that provided G (¢) is continuous, all the wavelet coefficients
A}f (t) at large enough scales and locations ¢ near 7 should contain information on ¢. This motivates
us to propose the following general class of wavelet OLS estimators of §:

Y d
w = 2
j =jr fO [ ] Dj(t)dt

(10)

)
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where D;(t) = I{a < 2/(7 —t) < b} is the ‘cone of influence’, see p. 215 in Mallet (2009), j., < ju,
and jr, = jr, — 00 as n — 00.

The class of estimators in (10) include estimators using wavelet coefficients at a single scale and
multiple locations, at multiscale and a single location, and at multiscale and multiple locations.
We’ll establish the asymptotic properties of these estimators in the rest of this section and then

extend them to the corresponding results for estimators of LATE.

4.1.1 One scale with many locations

In this part, we consider the asymptotic properties of a subclass of wavelet OLS estimators for

which only one scale is used. The fixed scale jy wavelet OLS estimator of ¢ is defined as:

< fy AY(0)AL ()Dj, (t)dt
ow1 = s :
Iy [AL®)] Djo(t)t

- 2m—1
Assumption A5. (b)’ As n — o0, jo — 00, 2370 — 0, and (2%0) " \/ 255 — Chyy < 0.

THEOREM 4.1 Suppose A1, A3(G), and A} hold. In addition, ff_bM(v)dv # 0, where M (-)
is defined below.
(i) When A2(G) (a) and A5 (a) hold, we obtain:

1/ 2] (5{/[/1 — 5) 4> N(C BW1,VW1)

where
V) = U] S L2 L) (s)(s — ) {s — £ > 0}dsd
B%Vl = 0 )
fa—b M(’U)dl}
o Th) 3 M ()dv + 0 (w) Jy M (w)do
w1 = 0 2 s
iy M (w)dv]
in which

/I{w>t}1/;( )dw and M(v //I{w>t+v}1/)( Vob(t)dtduw.

(ii) When A2(G) (b) with lg > 2m and A5 (b)’ hold, we obtain

\ 270 (5W1 —9) 4N (CWIBWL VWI)

where

g GO [ (s)s™ds [y L))"t
Wi m!( - 1 N2, M(v)dv
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Theorems 3.1 and 4.1 reveal the role of the additional information in wavelet coefficients at
locations other than 7. When A2(G)( b) holds with g > 2m, the use of additional wavelet
coefficients (SWl) reduces the order of the asymptotic bias of the wavelet estimator further to
0 ((2*j0)2m_1) instead of O ((2*j0)m) for 6. This feature resembles that of the local polynomial
estimator, see Porter (2003). The additional assumption that I > 2m allows us to obtain an
explicit expression for the asymptotic bias of Sw1. However, when only A2(G)(a) holds, the order
of the asymptotic bias of ng remains the same as that of d.

To estimate LATE, we estimate ¢ by ZWl below:
1= N

R SHORSAOLIOL,

w1 1 ~d D) .
Iy [AL @] Dy (1)t

In the end, LATE is estimated by O = 5W1/ZW1-

THEOREM 4.2 Suppose A1, A3, and A/ hold. In addition, ff—b M (v)dv # 0.
(i) When A2 (a) and A5 (a) hold, we obtain:

. 3 1 1 §

G € ¢ ¢ e ¢ e
where
s [HY@ - HO@] T L0w()6 — s — t > 0)dsdt
S Sy M(v)dv ’
Vb 02, (vo) Jy~* MP(v)dv + o2_(vo) f,, M?(v)dv
" 10, Mw)ar]” |
VI/IY/P _ J§€+(1)0) fOb_a M2<'U)d'l) + J?e_(’l)o) fc?—b M2('U)d'l)‘

2 M|

(ii) When A2 (b) with min {lg,lg} > 2m and A5 (b)’ hold, we obtain:

(n/200)1/2 @Wl _ 5)

w1 €
d 1 5 1 20 52
- N << [0%13%1 - CCII;VleDWJ a? [VW1 - ?VI}V/? + CQVV%D )
where
p HCmD(r) [hap(s)s™ds - [V L(t)(—t)™ Ldt
By = :

m!(m — 1) [0, M(v)dv
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4.1.2 Multiscale with a single location

We now investigate the role of using more than one scale in estimating the LATE parameter.® First

we consider the estimator of d:

Fuva = Srcin B AS(E)
5 (897

where jr, < ju. Let (ju — jr) = Kn.

THEOREM 4.3 Suppose A1, A3(G), and A4 hold. In addition, suppose o2, (vo) = o2_(vp).?
(i) When A2(G) (a) and A5 (a) hold for jr, and ju, we obtain:

if limy, o K, < 00, then

[n = d |4
—,(5W2 — 5) — N | C, B, - )
2L w2 9 [1 . (%)thnJrl]

where

1y 2B
By = {1 + (2)th”“} =

if lim, o K, = oo, then

n -~ d 2 Vv
2‘7711((5[/{/2 — (5) — N <3CaBa, 2) 5

(ii) When A2(G) (b) and A5 (b) hold for ji and jy, we obtain:

if lim,, oo K, < 00, then
n - d b Vv
7(5W2 - 6) — N (CbBW27 ; ) 5
V 2JL 2) |:1 _ (%)llmK"—&-l}

1— (%)(m—l—l)(limKn—l—l)}

where

b
Byyo =

e T T

if limy, o K, = 00, then

n - 1 %4
@(m—cs) SN (Cb2 [T Bb,Q).

1
2

8This has the flavor of Kotlyarova and Zinde-Walsh (2006, 2008) which average kernel density estimators using
different bandwidths.

9For notational compactness, we only report results when U§+ (vo) = ol (vo) in the main text. General results
without this assumption can be found in the proof of this theorem in Appendix C.
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Theorems 3.1, 4.1, and 4.3 reveal the interesting effects of using additional information in wavelet
coefficients at multiple scales and multiple locations. First, the multiple locations estimator 5AWl
reduces the order of the asymptotic bias of & under A2(G)( b); Second, the multiple scales estimator
5AW2 reduces the asymptotic bias and variance of the wavelet estimator 5 only proportionally, but
under both A2(G)(a) and A2(G)(b).

To estimate the LATE parameter, we let
J AD(\Ad
j=in B85 (DAG(T)

v, [Bdn)”

J=JjL

Cwa2 =

THEOREM 4.4 Suppose A1, A3, and A4 hold. In addition, suppose o2, (vg) = o2 (vp),
02 (vo) = 0Z_(vo), and o2 (vo) = 0Z_(vo).
(a) When A2 (a) and A5 (a) hold for ji, and jy, we obtain:
if limy, o K, < 00, then

9Jr\1/2 §W2_5>
(n/27") (sz R

2
1 V-2yYD .y Lyb
i’ N (Cca {B%{/Q - gBIl/I)/%} ) 3 <

9 {1 _ (%)thnH} C2
where
1y 2BD
BDa -1 - llmKn+1:| a .
By = |1+ (i 2o
if lim, o K, = oo, then
= _25v;YD | 8%y/D
(n/2jL)1/2 @_g iN ECa |:Ba—53D:|,V CV +<2V ‘
(w2 ¢ 3¢ 2¢°
(b) When A2 (b) and A5 (b) hold for jr, and jy, we obtain:
if limy, o K, < 00, then

9Jr\1/2 §W2_5>
(n/27") (sz R

d 1 b 0 Db V- %VYD - %VD
- N 7Cb BW2 - 7BW2 ) ; )
¢ ¢ 9 [1 _ (%)thn—H} ¢2
where
_ (1\(m+1)(lim Kp+1)
PO L,

2[1= ()i ea] 1= 3y
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if limy, o K, = 00, then
(n/270)12 <5W2 - 5)
Cwa €
)

Bb_CBI?:|7

V- ByYD 4 hyD
202 '

1
LN |G, -
2C {1 _ (ﬁ)m-‘rl}
4.1.3 Multiscale with many locations

We now establish the asymptotic distribution of the general estimator dw in (10):
J jL Jo AY (1) Af (1) D;(t)dt
0, WAL 0] Dy

Again for notational compactness, we only establish the asymptotic distribution of SW under the

S =

condition that o2, (vg) = 02_(vp).

THEOREM 4.5 Suppose A1, A3, and A4 hold. In addition, suppose o2, (vo) = o2_(vo).
(i) When A2(G) (a) and A5(a) hold for jr, and ji, we obtain:
if limy, o K, < 00, then

\/;(514/ J) <, N (Co By, Vi),

where
1\lim K,,+1
Ba — § |:1 g) " ]Ba
w 7[1 (i)thnJrl] w1
9 1— (L)imKn+1
Vw = (5) Vi,

14 [1 _ (%)1imKn+1}2

if limy, o K, = 00, then

\/;(514/ 5)—>N(CB Vi) s

where

ax 6 a * 9
Bw = =B, Vv = 7 Vw1
(11) When A2(G) (b) with lg > 2m and (A5) (b)’ hold for ji, and jir, we obtain:

if limy, o K, < 00, then

\/;(5W 5) LN (CWlBW7VW)

where
1— (%)(2m+1)(1imKn+1) G(@2m— 1)( )f @Z)( ) mdg f; L(t)(—t)m_ldt

Bb — B 9
w )2m+1} 1 — (1)limKn+1 m(m — 1)! [, M(v)dv

o= | Q0

41—
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if limy, o K, = 00, then

VG =) 2 N (Cha Bl Vi)

where

w

B _ GEmD(7) [y (s)s™ds [, L(t) (=)™ 1dt
M (] ml(m — 1)1 [0, M(v)dv '

As expected, Sw inherit the properties of Swiand dyo: when A2(G)(b) holds, it reduces the
order of the asymptotic bias of S or Sy reflecting the additional information in the multiple
locations used in &y and under both A2(G)(a) and A2(G)(b), the asymptotic bias and variance
of 5AW are proportionally smaller than those of ng reflecting the additional information in the
multiple scales used in 6AW.

Define

5, T do A7 (A7 (0) Dytydt
Cw = :
0 I [A2 )] Dy (o)

Our estimator of LATE is given by S / 5W-

THEOREM 4.6 Suppose A1, A3, and A4 hold. In addition, suppose o2, (vo) = o2_(vo),

02 (vo) = 02 (vo), and 0%, (vo) = 02 (vo).
(i) When A2 (a) and A5 (a) hold for ji and jy, we obtain:
if lim,, oo K, < 00, then

, S 0 1 5 25 52
(n/271)1/2 (EZ —~ <> 4N (Cca {B% — ZBVDV ] Yo [VW - ?VW 2 VWD

where

~ (1\lim K, +1
O L )
w 7 1
4

Bawi,
{1 —( )thnH} aW1
9 1— (%)limKn-i-l

Vve = 4 VV%
14 ; 2 ’
[1 _ (%)thn+1]

if lim,, .o K, = 00, then

, S 0 1 ) 1 5 52
(n/QJL)1/2 (Eg - C) i) N (Cca |:B - EB :| ? [Vﬁ/ - QCVYD* CQV ]) )

where

N 6
B(?W = 7BaW17
9 1-—(g)f*
VI};D = 77 ( ) VWI’

14 { - (Z)Kn—H]

VYD* o g YD

9
Dx* D
Vivo = ﬁVWh —qp
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(ii) When A2 (b) with min{lg,lg} > 2m and (A5)(b)’ hold for j1, and jy, we obtain:
if lim, oo K, < 00, then

(n/21)12 (fW _ 5) 4N (20 o - 280]. [VW % 8 VWD

w ¢ ¢ ¢ C2
where
ppp— 3 L= (p)emmEeh gOnTh(r) fy(s)smds J, ()"t
boafiogpen] -G mi(m — 1) 2, M(v)do ’

if limy, o K, = 00, then

e (dw 0 1 d ! 2y g &

where

HCmD(7) [} 4 (s)s™ds Jy L) (—t)™ "t

3
BbW = 1 {1 B (%)2m+1} ml(m — 1 !faOibM(v)dv

4.2 Kink Incentive Assignment Mechanism

All three wavelet OLS estimators for discontinuous incentive assignment mechanisms proposed in
Section 4.1 can be extended to kink incentive assignment mechanisms and they share the same
qualitative properties. To illustrate, we present a detailed analysis of the wavelet OLS estimator
based on wavelet coefficients at a single scale and many locations and report results on the other
estimators in a separate paper.

Let

Jo B, (®)A% (t) Dy, (t)dt
JE[AE ()] Dy (1)t

drwi1 =

and
5 1 ; (Z )Y
! n ZZ 1 ! n

where
JKWl(%)
I Jo D) (FirH(w) — o) Hw > r}2iou [200 (w — )] o [290(£ — 1)) dtduw

11 | Dy (@) (B (w) —vo) H{w > 7} (FyH(v) — o
JoJo ko { XI{SJ ;T}Qﬂ)d) [23)0 (w—t)] @Z)([Z;g(v —1)] ) } dwdvdt

We first show that SKWl has the same asymptotic distribution as dxwq and then establish the

asymptotic distribution of  gyy1.
; 2m—1
Assumption A5K. (b)’ As n — oo, jo — o0, 23# — 0, and (230) " 55— b < 00

Assumption A6K. (c) F},!(v) is 2m times continuously differentiable on the support of V.
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THEOREM 4.7 Suppose A1, A3(G), and A4K hold. Let Mys(s) = Mi(s) + Ma(s) — sM(s),

where
M(s) = /b /bl{th—l—s}w(wW(t)dtdw,
ab ab
M) = [ [ 0r = e+ spp)ptdide,
ab ab
Ma(s) = / / wl{w >t + sy (w)(t)dtdw.

Assume fao_b Mo (t) dt # 0.
(i) When A2K(G) (a), A5K (a) and A6K(a) hold, we obtain:

n -~
\/237@”‘/1 —0K) 4N (CxaBikw1, Vew1) ,

where
B(Il(Wl
o |GRA) = GRLD)| frwo) ] [2(s = w)P(s)I{s — w = 0} [La(w) — wLo(w)] dsdw
2 [0, Mo (t)dt ’
f2(v0) |02, (v0) [y M, (£) dt + 02 (vo) Jy~* M, (¢) dt]
Vikwi = 5 2 ’
[y Mz (¢) dt]
in which, fori=0,1,--- ,m —1, L; defined below has (m — i) vanishing moments:

. b . .
Li(20(r — 1)) = / W IH{w > 29(r — t)}b(w)duw.

a

(ii) When A2K(G) (b) with lg > 2m, A5K (b)" and A6K(c) hold, we obtain:

[ nos d
ﬁ(ékW1 o 5k) - N (C?(’WIB?(WD VKWI) )

where
b o Je(s)s™Hds Do + Y, T
Bygw1 = —fy(vo) f;)_b Mg (1) dt )
in which
b . m - . G(2m+1—i) (7_>
To = /aLo(t>(—t> dt L;[Fvl(ﬂ]()a(mﬁn!(m—i)!]’
r, - 1 bL»t )"t - F1 ()0 Ggm_Hl)(T) > 1
= al i(t)(=t) ZZ:;[ vo(7)] (m =) (m + 1)l(m — 1) fori>1.

Now we provide the LATE estimator: SKWl/ f KW1, Where
1 ~
o B ARWAL D0
KW1 1 [ Ak 2 .
Iy [Ak @] Dy (1)t
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THEOREM 4.8 Suppose A1, A8, and A4K hold.
(a) When A2K (a), ASK (a) and A6K(a) hold, we obtain:

[ (dxw1 Ok
2370 EKWl (K

1 ) 1 26 52
LYY (CCKa [B?(vvl gBKWJ a2 [VKW1 c Vi + CQVI?W1D ;
where
o [HZ.(7) = HE ()] fr (o) J2 J2(s = w)*$(s)I{s —w > 0} [L (w) — wLo(w)] dsdu
K = - 2 [0, My, (t) dt
b F3(v0) |02 (v0) [y My (£) dt + o2 (v0) 3 M, (1) ]
Viwr = 0 2 ’
[y Mz (1) dt]
F3(v0) |02 (v0) -y My (8) dt + o%_(vo) J§~* M, (t) dt|
VKWI = :

0 2
{fafb Mz () dt]
(b) When A2K (b) with min{lg,lg} > 2m, A5K(b)’ and A6K(c) hold, we obtain:

[ (dkw1 Ok
2% \ (gwr Sk

d 1 ) 1 28 52
- N <<C?(’W1 [Bl}(w1 CBKWI} e [VKWI - ?V}(/V[Dll + @V£W1]> ;
where
b m+1 g [A + Zm A]
B 2 v fa @ZJ(S)S 0 1=1-"" ,
Riv = = £ (vo) 19, My, (t) dt
i which
m (2m+1—1)
_ o (1)
— m 1 (l) K

m (2m—1+1)
A, = 5 / Li( ym= Lt [Z[Fvl(q-)}(l) o —f)r!lzm—l— 1)'((72 — l)!] fori>1.

=t

5 Monte-Carlo Simulation

This section presents results from a small simulation study. We focus on the finite sample perfor-
mances of our wavelet estimators of the jump size in two classes of models. The first class includes
switching regime models and the second class reduced form auxiliary regression models.

The two switching regime models are:
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Model 1.

Vi = 1.254+V+V24W, Yo=V 42V 4+ Wy,
D = I{V >05}.
Model 2.

Yi = 14VI4+W, Yo=V"+W,,

D = I{V >0.5}.

0.01 0
0 0.01
(W1, W3). Lengthy algebras show that the corresponding auxiliary regression models are:

In both models, V ~ U [0,1], (Wy,W3) ~ N [(0,0), < )], and V is independent of

V4+2V24+W,0<V <05

Model 1:Y =
0ce {1.25+V+V2+W,0.5§V§1’

and

Vi+W,0<V <05

Model 2: Y =
ode {1+V7+W,0.5§V§1’

where W ~ N(0,0.01). The auxiliary regression functions indicate that Model 1 satisfies A2(G)(a)
and Model 2 satisfies A2(G)(b).

We also generate data directly from the two auxiliary regression models below:
Model 3.

B V4+W,0<V <05
o052V W, 05<V <1

Model 4.

v V4+W,0<V <05
)14+ VHEW,05<V <1’

In both models, V' ~ U [0,1], W ~ N(0,0.01), and V is independent of W. Obviously Model 3
satisfies A2(G)(a) and Model 4 satisfies A2(G)(b).

From each model, we generate random samples of sizes 500, 2,500, 5,000 respectively and
computed our wavelet estimates using Daub4. Daub4 has 4 vanishing moments supported on
[—3,4]. All four estimators depend on the choice of the scale. For single scale estimators, we chose
six scale levels, 1,2,3,4,5,6, while for many scales estimators, we chose j;, = 1,2,3,4,5,6 and
K, = 2. We repeated this for 5,000 times and computed the bias, standard deviation, and MSE
of each estimator. To save space, results for samples of sizes 500 and 2, 500 are reported in Tables
1-4.

Insert tables here.
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Tables 1-4 reveal the same qualitative behavior of each estimator for all models. First, as the
sample size increases, the MSEs of all estimators decrease; Second, overall many locations estimator
gw1 performs much better than the single location estimator § in terms of bias, standard error, and
MSE; Third, many scales estimator 5AW2 performs better than the single scale estimator 6A, but the
reduction in MSE is not as much as that of the many locations estimator SWl in comparison with
the single scale and single location estimator 5A; Fourth, for all estimators and all models, as the
scale level increases, the MSE decreases initially and then begins to increase. It seems that for most
cases considered, the optimal scale level is either 3 or 4.19 Overall, the numerical results confirm
our theoretical findings that it is advantageous to use more locations and more scales in estimating
the jump size compared with single scale and single location estimator currently available in the
literature and that our many scales and many locations estimator ow performs the best whether
A2(G)(a) or A2(G)(b) holds.

6 Conclusion

In this paper, we have studied the identification of LATE in two classes of switching regime models.
Both allow for individuals to make decision based on not only incentives assigned to them but also
their unobserved characteristics. The first class of switching regime models accounts for discon-
tinuous incentive assignment mechanisms and the second accounts for kink incentive assignment
mechanisms. For each class of switching regime models, we established auxiliary regressions for
estimating LATE based on which we have presented a systematic treatment of wavelet estimation
of LATE. In addition to making use of the existing wavelet estimator of the jump size or kink size,
we have developed new wavelet OLS estimators improving upon the existing wavelet estimator by
employing more wavelet transform coeflicients. The asymptotic properties of all the estimators are
established and their finite sample properties are investigated via a simulation study.

This paper has focused on incentive assignment mechanisms depending on one forcing variable
and having a single known cut-off. In some empirical applications, the cut-off point may be unknown
to the econometrician and there may be more than one forcing variables. For example, Hoekstra
(2009) applied RDD to studying the effect of attending the flagship state university on earnings.
For the university and data set he used, the admission’s cut-off depends on both SAT score and high
school GPA. Hoekstra (2009) constructed an adjusted SAT score for a given GPA and estimated a
parametric model with the adjusted SAT score as the forcing variable. Since the university didn’t
keep records of the exact admission rules used, the cut-off point is unknown and estimated. It
would be interesting to extend the wavelet OLS estimators proposed in this paper to allow for

unknown cut-off and/or more than one forcing variables.

10WWe have limited results on the selection of the optimal scale. For space considerations, we will report details on
this in a separate paper.
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This paper also suppresses other covariates X (say) in the potential outcomes equations and
the selection equation. An extension of the model (1) and (2) accounting for the presence of other

covariates is:

i = gl(X)Vva)’YOZQO(XaV’W)a (11)
D = I{B(V)+gs(X)~U >0}, (12)

where g3 is an unknown function of X. Under appropriate conditions, the auxiliary regressions
established earlier for estimating LATE in both discontinuous and kink incentive assignment mech-
anisms still hold and our wavelet estimators still apply. Alternatively, one may take into account
the observable covariates X in estimating LATE. This may be done by making use of the alternative

auxiliary regressions:

Y = g(X,V)+6(X)I{V > u} +e,
D = h(X,V)+C(X)I{V >} +e,

where E[e|X,V] = 0 and Ee|X,V] = 0. Frolich (2007) proposes a local linear estimator taking
into account the covariate X and compares it with the local linear estimator without using X. The
asymptotic analysis in Frolich (2007) seems to suggest that using the covariate X may not always
improve the performance of the LATE estimator. It would be interesting to extend our wavelet

estimators to take into account the covariate X. We’ll leave this to future research.
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Appendix A: Technical Proofs and Lemmas Used in Section 2
Lemma A.1 For any a,b satisfying: —oo < a < b < oo and [a,b] CU, we have:

b
fwva(wlv, A) = I3 frwo (vlw, w) fw,o (w, w)du |

v (@) J3 fov (ulv) du
where A = { a < U < b}.

Proof. By definition, we have

fW\V,A(w"U: A)

B 1 HPr(W <w|V =0v,a<U <b)Pr(a<U <DV =0v)}
 Pr(a<U<bV =) ow

B 1 HPr(W <w,a<U <V =0v)}
 Pr(a<U<bV =) ow

1 o w b . )
= Pa<U<hV =0 ow {/oo/a fwoy (W', ulv)dw du}

1

b
B du.
PI‘(CL < U S b|V = ’U) /a fW,U|V(w,U|’U) U

Q.E.D.

Lemma A.2 Under the conditions of Theorem 2.1, we get: for j =0,1,
lim  E(Y[V = vy, A(vs,0.)) = E(V;|V = v, A),
0

VU,V =V

where {A (vy,v_), A} = {{b(v=) <U <b(vy)},{b- <U <bt}}, or {{U < b(v_)},{U < b7 }},
or {{U >b(v")},{U >bt}}.

Proof. Without loss of generality, we provide the proof for j = 0 and
[As,0), A} = {{b(v2) < U <o)}, {0~ < U <573}
By definition,
EX|V =vi, A(ve,v)) = /QO(UJHw)fW\v,A(v+,v,)(w|U+aA(U+avf))dw-
Lemma A.1 implies:

_ fbli(:ff Frwo (e lw, w) fwo (w, w)du

Fv @) oot foy (ufoy) du

fwvAws vy (wlvg, A (v, v2))

Then
Twv,A@e woy (Wlvg, A(vg,v-))
fbb((:f)) foww (uloy, w)dufyvw (vi, w)
Fo(vs) [Fupy (b(vy) [vy) = By (b (v-) [o-)]
[Fovaw (b (01) o4, w) = Fyyaw (b (0-) oy, )| fopw (v |w) f (w)
Fv(ve) [Fupy (b(vs) [or) = Eypy (b (v-) [oo)]
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It follows from Conditions D1, D4 and D5 that

Im fwiva oo (W, A v, 0-))

limy, o { [Forvan (0 (v) [, w) = Fraw (b (v) [y, )] fuw (vyw) fr (w) }
limy, oo {Sir(01) [Fow (0 (04) [01) = Foy (0 (o) o)}
[Fupvw (b [vo, w) — Fypyw (b7 [vo, w)] - fyw (volw) - fw (w)
[FU|V (bF) = Fyv (b )} fv(vo)
B o (volw, w) fwo (w, U)du

fv(vo) S fuy (ulvo) du

Thus by Condition D2, Condition D3, and the dominated convergence theorem, we get

lim EYo|V = vy, A(vy,v))

V4,V —0

= v %i_HLUO go(’U+, w)fW|V,A(’U+,U7) (’(U|U+, A (U+a U*))dw

= [t o) B e (el A (e )du

V4, v——0 V4, v——00

+
B / 2 Fuiw (volw, ) fwr (w, w)du
= go(vo, w dw

Fr (o) [ fuy (ulve) du
= E(Yo|V = v, A).

Q.E.D.

Proof of Proposition 2.2. The proofs for g and h are similar so we provide a proof for g only
and complete it in three steps:

Step 1. We prove continuity of g(-) at vp;

Step 2. We prove continuity of g(v) at any v* < wp;

Step 3. We prove continuity of g(v) at any v* > vy.

Proof of Step 1. Note that

lim g(v) = hm EY|V=v)-0= hm EY|V=v)= hm g(v).

vlvg vlvg vTvo vTvo

By definition, we have

9(vo)
= EY|V =uw)— [hmE(Y!V—v)—hmE(Y|V—v)}

vlvo
= E(Y|V=uv0,b" <U<b")Pr(b- <U < bV =)
EY|V = v, U<b")Pr(U<b |V =1y)
E(Y|V = v,U>b")Pr(U > b |V =)
EY|V = wv,b" <U<b)Pr(bt <U<b |V =20)— (YT =Y")
= lim EY|V =vy)— [lim E(Y|V =v) — lim E(Y]V—v)}
Yo lvo vTvo

= lim E(Y|V =v).

vTvo
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Then g(vp) = lim, |y, g(v) = limyy, g(v).
Proof of Step 2. For v* < vy, we know: g(v*) = E(Y|V = v*). Then,

vlirg)l* EY|V = wv)

= Uli_%}l*[E(YW =wv,D(v) =1)Pr(D(v) = 1|V =v)]
+UILIE*[E(Y‘V = wv,D(v) =0)Pr(D(v) = 0|V =v)]

= hm  [EW1|V = v, D(v) = 1) Pr(D(v) = 1|V = v)]
+ m B[V = v,D(v) = 0)Pr(D(v) = 0}V = v)

= hm [E(Y1|V =v,U <b(v)) Pr(U < b(v)|V = v)]
+U1L%1*[E(K)\V = v, U > b(v)) Pr(U > b(v)|V = v)]

= Ulgg* [E(Y1|V =v,U < b(v))|Pr(U < vllg}l b(v)|V =)
+ lim, [E(YolV = v,U > bv))]Pr(U > Jim, b(v)|V = v¥)

= EMW|V =v",U< vli_)rs)l* b(v))] Pr(U < vli_g}l* b(v)|V =)

EY|W = o U> Uli_}r& b(v)) Pr(U > vh—g;l* b(v)|[V =)
= EYV =19,

where we have used:

Uh_{f}*[E(YI\V = v,U<b(v))] = Jim /gl(vaw)fW|V,U§b(v)(w|UaU < b(v))dw

/ Emvav* b(v) fV|WU( *|’LU U)fWU(w’u)du
(0" w0 dw

Frr () [P foy (ulv)du
= EM|V =v"U < lim b(v)].

A similar argument leads to: lim,_,«[E(Yp|V =v,U > b(v))] = E(Yo|V = v*,U > limy_,+ b(v)).
Proof of Step 3. It is similar to that of Step 2 and thus omitted. Q.E.D.
Proof of Theorem 2.3. We complete the proof in two steps:
Step 1. We show:

ling(A|V = vy, D(vo+e) —D(vg —e) =1)

fW|U,V(W|b(UO)7U0)]
fw (W)

= FEw [[Ql (UQ, W) - gO(UOa W)]

Step 2. We show:
limy |y, dE(Y |V = v)/dv — limyp,,, dE(Y |V =v)/dv
limy |y, P'(v) — limy gy, P/ ()
Twio,y (W1b(vo), UO)]
Jw (W)

Proof of Step 1. It follows from Condition K4(i):

— Ew [[gl(vg,W) — go(vo, W]

liﬁ)lE(A‘V = Uo,D(UO + e) — D(?)() — 6) = 1)
= liE}E(A\V =g, D(vo +€) =1,D(vg — e) = 0).
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The right hand side expression is:

= 1im E(g1(vo, W)

= hm/ g1 Vo, W

= lim
el0

= /[gl(vo,w) — go(vo, w)] 16%1

— /[gl(UO,UJ) — go(vo, w)]

(91 (vo, w)

— go(vo,

W)V = wg,b(vg +€) > U > b(vg — €))

— go(vg, w)] | AL

vo+e

Iy ;;004;@ fuv (ulvo)du

fb (vo—e) Jwu v (W, ulvo)du |

dw

dw

v +e
fb voo e)

fw,u v (w, b(vo)|vo)

) fuv (ulv)du

fuv (b(vo) |vo)

= [ (w0, w) = go(o0,w)] fvioy (wlb(eo), vo)d

— Ew [[gl(vo, W) — go(vo, W)]

fwiov (W1b(vo), vo)

where we have used the following result:

b

i [
el0

e {P(b(vo +¢)) —

b(vo+e)

flz(;)ﬁ:)f ulv (w, ulve)du
Jy

(vo—e) fUlV (ulvo)du

P(b(vo

fw(

(P(b(vo —€)) —

ol

— fim )
= l “T{Q(b(vo + ©) — ((vo>
(0, bloo) o) [P (0) = b

) —
)
v)

fov (b(vo)lvo) [0+ (v) — b~ (v)]

_ Jwow

(w,

b(vo)|vo)

(
(

fuv (b(vo)|vo)

in which P(z) —

Pla) =

Proof of Step 2. Consider E(Y|V =v):

E(Y|lV =

v)

EWYi|V =v,D(wv) =1)Pr(D(v) = 1|V =v) + E(Yo|V = v, D(v)

Jo1(v, w)fW|VU(w\” b(v

) >
+ [ go(v, w) fowvu(wlv, b(v) <

— (Q(b(vo —¢)) -

f fWU|V(w ulvg)du and Q(x) —

2 f w, ulv
/gl(v, )f fb(vWUIV( |v)du

+/90

fU|V(U|U)dU

fWU|V w, ulv) du

Qb) =

u)dw fb(v) fU|V ulv)du
w)dw [y fuv (ulv)du

b(v)
fu (ulv)du

/ fo (ulv)du

fU|V (ulv)du

— go(vo, w)] fw|v,u(wlvo,b(vo +€) > U > b(vo — €))dw

fb (wo+e) fwov (w, ulvo)du |

fbx fU|V(U|U0)dU

|

=0)Pr(D(v) = 0|V =v)

(U)
/gl(v,w) fwuw (w, u|v)dudw+/g0 (v, w) / fwu v (w, ulv)dudw.
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Taking derivatives on both sides of the last equality above, we get:

dE(Y|V =v)
dv

- /68 <91(v,w) /b(v) fW,UV(w»UW)dU) dw +/8 (90(%10) /b(o:) fW,UV(w,MU)d“) dw

= [ ot [ oy, uledaudu + [ 1o, w6 vy b))
+ [dbtww) [ o, lodudv + / 90(0,0) =) fv v (w, b))

+/ fWU\V w, ulv))dul dw—i—/ 9 (fwu v (w, ulv))du]dw

Now taking limits leads to

L AE(Y]V =)
v]vo dv
b(vo)

= /g’l(vo,w)/ fw,ov (w, ulvo)dudw

—00

b(vo)
+/91(U0,w)[b'+fw,mv(wab(U0)|UO) +/_oo %(fW,U\V(WaUWO))dU]dw

+/g(/)(vg,w) /b( )fWU‘V(w,uwQ)dudw
vo

[ ntoo. )= vy b))+ [~ S G .l
and
L dE(Y|V =)
vTvo dv
, b(vo)
= /91(00,10)/_00 fw,o v (w, ulve)dudw
[ a0y b)) + [ 2 g ufo) e

+/90(U07w)/ fw,U‘V(w,u]vo)dudw
—F/go('uo7 —b'" fw,u v (w, b(vo) |vo) —i—/v 90 (fw,uv (w, ulvo))du]dw.

As a result, we have:

o BV =v) L dE(Y|V =)
v]vo dv v Tvo dv

= [ (w0, w) = goloo, )] fivary (w,blwo) o) [5% — 5]
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and
limy |y dE(Y |V = v)/dv — limypy, dE(Y |V =v)/dv
limy |y P'(v) — limy gy, P/ ()
J g1 (o, w) — go(vo, )] fwujv (w, b(vo)|vo)dw [bF (v) — b (v)]
fov (b(vo)vo) [0+ (v) — 0~ (v)]

_ o) — (v w fwuv (w, b(vo)|vo)
= [ i) —otew ) G

Q.E.D.
Proof of Proposition 2.4. We provide a proof for gx only. This will be done in two steps:
Step 1. We show gk is continuous;

Step 2. We show gk is continuously differentiable.

Proof of Step 1. By definition, gx (V) = E(Y|V) — dx(V — vo)I{V > vo}. We only need
to show that it is continuous at vg. Under Condition K4(A), we know: lim,|,, E(Y|V = v) —
limy|,, E(Y |V =v) =0 =4, thus E(Y|V) = g(v) from Proposition 2.2, which is continuous on the
support of V. Since dx(V —wvg)I{V > vp} is continuous on the support of V, gx (V') is continuous.

Proof of Step 2. When v = vy,

. dgr(v) .. dE(Y|V =v) . dE(Y|V =v)
11)1111% dv 11;11%(1) dv OK = zl)lTIz% dv
and lim,, 1y, dgfj{iv(v) = limy %. Thus

tm 995 _ o) _ o dEQWV =0) _ o, dol0),
vlvg  dv vlvg  dv vTvo dv v do

Now let us consider v* < vg. Then following the proof of Theorem 2.3 except that we are looking
at v* instead of v, we obtain: lim, |« dE(Y|V = v)/dv — limy,« dE(Y|V = v)/dv = 0. A similar
proof applies to v* > vg. Q.E.D.
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Appendix B: Technical Proofs for Results in Section 3
We will make extensive use of the following Taylor expansions in the proofs in Appendices B
and C. Under A2(G)(a), we have:

lGI

G(r+h) = "+ RE,

where G(ik ) (1) denote the right and left k-th order derivatives of G(t) at T,

IRE| < K|hl'e sup |G (1)) < 0
te(0,1)

with K a large positive number. Under A2(G)(b), we have:

lg— 1
G(t+h)=

+ RGa (Bl)

where for a large positive number K, |Rg| < K|h|'¢ supe g 1) |GUe)(t)] < oo.

The proofs also rely heavily on Theorem 1 in Yang (1981). For completeness, we restate it in
Lemma B.1 below. Note that we need to extend Theorem 1 in Yang (1981) to allow the function .J
below to depend on n as in Remark 2 in Yang (1981). Let (X;,Y;) (¢ = 1,2,...,n) be independent
and identically distributed as (X,Y). The rth ordered X variate is denoted by X,., and the Y
variate paired with it is denoted by Yj;.,,;. Let

= n_l Z J (Z/TL) Yv[i:n]a
=1

where J is some bounded smooth function and may depend on n. Further, let

m(z) = EY|X =z), o?(z) = Var(Y|X = z),
Fl(w) = inf{z|F(z) >u}, moF Yu)=m(F 1(u)).

Lemma B.1 Suppose the following conditions are satisfied: E(Y?) < oco; m(z) is a right continu-
ous function of bounded variation in any finite interval; J is bounded and continuous ae mo F~1;
and the cdf of X, F(x), is a continuous function. Let

(72 _ /_;WJQ(F(x))O_Q(x)dF(x)
*/_:o /_;OO [Pz Ay) = F(2)F (y)]J(F(2))J(F(y)dm(z)dm(y).

Then limy,—oonVar(S,) = o2 and lim, oo E(S,) = [T2°m(z)J(F(z))dF(z). Furthermore, if
% >0, then

Sp — E(Sn)

d
Vargy V0L

We note that all the proposed wavelet estimators including the wavelet OLS estimators converge

/2 Since 7 converges at rate n~1/2

at rates slower than n~
asymptotic distributions of all our estimators are not affected by estimating 7 by 7. This is

universal to all nonparametric estimators constructed after a first step estimation of the location

, under regularity conditions, the
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of a jump or kink, see e.g., the work in statistics cited in Section 1 including Wang and Cai (2010).
Because of this, we will work with the infeasible versions of our estimators with 7 replaced by 7 in
Appendices B and C. With slight abuse of notation, we will use the same notations to denote the
corresponding infeasible estimators. For notational compactness, we let ¢; [-] = 2J4) [2j -] in both
Appendix B and Appendix C.

Proof of Theorem 3.1. We will complete the proof in two steps:

Step 1. We show that & has the asymptotic distributions stated in the theorem;

Step 2. We show:, /57 n(§—3) = op (1).

Proof of Step 1: Note that we can write § as: § = % I )Y[z ], Where
sy =tel = ]
' Jy v (u)du

We will use Lemma B.1 to show that, /5% " (§—4) has the limiting distribution stated in Theorem 3.1.

The conditions in Lemma B.1 are satisfied: E(Y|V =v) = g(v)+d§1{v > vp} is right continuous by
Proposition 2.2 and of bounded variation in any finite interval; J (%) is bounded and continuous
by Assumption A4.

First, let us calculate lim,, o E(5):

+oo o (Fr(v) = 7)
/m[()+6l{v>v}]WdFV()
(v)

T 9()s, (Fy (v) — 7)dFy N J72 61{v > wo by, (Fy (v) — 7)dFy (v)
Jo (u)du I3 ¥ (u)du
Lo [Fv%b;o + T>] viwdu
o

4 {G(l)( )— G(l) )} I w(wyudu

_ fO P(u)du
(%)mG(m) f ump(u

+J + s.0., under A2(G)(a)

S S s.0, under A2(G)(b)

fo P(u)du
Then,
a Jud
nlLH;o 270 {E(Sl) —5} = { + ) - f }fo Jud , under A2(G)(a),
0
(m) bom
Jim 2mJjo {E(El) - 5} _ ¢ (7) Jo u w(u)du7 under A2(G)(b).

Jo W (u)du

Second, let us calculate lim,, o nVar(9):

o [y (@) =] 50
/ l 3 o (w)du ] )

+oo oo Vjo (Fy (v1) — 7)o (Fy (v2) — 7)
+ [Fv(v1 Ave) — Fy(v1) Fy (ve)] dm(v1)dm(vs)
L L e = Freprete () ) S

—00

= A+ A,
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m(v) = g(v)+51{v>vo}
2
A = /+ [ ] o2 (v)dFy (v),

—0o0

Ay = /+Oo /+oo [Fy (v A vg) Fv(v1)Fv(vz)]¢jO(FV(vl) —T¥io(Fy () 7

)dm(v )dm(vg).
oo Joo (R wwdu)’ o

Then

+o0 2]0 1
_/ [ Plu ]U(Fv—l(z"jow))%du

20 [13 VP (w)o (F§1(2%+T))du

(S ()’
_ 9o [fg’ P2 (w)o (Fy L (55 + 7))du + [0 92 (u)o®(Fy b (5 + T))du]
(I ¥ (w)du)”

So A1 = O(2%°) and Az = O(1). Thus we get:

Con o [oR0) J R du + 0% (vo) ;) 4R (w)dul

Jim 2%Var(é) = ; 5 .
(/5 v (u)du)
By Lemma B.1, we obtain:
n - d | N(CyBg, V), under A2(G)(a)
—(01—9) = .
2Jo N(CyBy, V), under A2(G)(b)
Proof of Step 2: Note that

\/;(5 3)

(fo Y(u)du — 250 T{t; > 7}, [t —r])
2]0 1anl{t]>7}¢m [t] } 7

where the first term satisfies: /55 L6 =0,/ 270) For large enough jg, the numerator of the second
term satisfies:

\*Zf{tg>7}¢m ~ 1= [ vl

- \nzf{tjZT}%‘O[tj—T]—/Olf{tZT}%o[tj—T]dtl

1 1

< —WW.

where the last inequality above is obtained from the Koksma—Hlawka inequality in which
f@)=1I{t =7}y t; — 7]
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and V4 (f) is the bounded variation of f on [0, 1].
Note that for large enough jg,

V() = Vil - =20 [ i [se - )]

_ gid /0b|¢<1> ] lde = 0 (27)

since fob | ™) [t] |dt < co. Hence,

e < fé’zp(u)du B )
550 (0 —9) \/2;5 <}L Z}‘:} I{t; > T} j [t — 7] !
= Op(\/g)op(%io) = op(1).
Q.E.D.

Proof of Theorem 3.2. First, we derive the asymptotic covariance between § and E :

Jim_Cov [(n/2j°>1/2(3 —8), (n/2°)2(C = Q)] = lim —=Cov [3,]

..n
= nh_}rglo 2jOC’ovl ZJ VYim)s = ZJ D[i:n]]

1

- = / P F @) () dF (2)

2]0 /+00/+00 FV ZL’/\Z/) FV( )FV( )]J(FV(x))J<FV(y))dm($)de(y)

|02 (vo) J§ w? (w)du + 0% _(vo) [} ¥ (u)du]

(S8 (wydu)” |

where m” (x) = E(D|V = z) and the second last equality follows from the proof of equation (8) in
Yang (1981).

Next, we apply the Cramer-Wold Device to establish the joint limiting distribution of

(n/200)1/2(§ — §) and (n/27)Y/2(C — ¢). In the end, we use Delta method to establish the
asymptotic distribution for S/ E . Q.E.D.

Proof of Theorem 3.3. First we work with the bias term for d:

P

oo Yjo (Fv (v) — 7)
v) + 0 (V —vo)l{v > J0 dFy (v
L o) 0V — )= ] Rt + ) oo o
1 gr (0))o (Fy (v) = 1)dFy(v) [T §gvl{v > vo}es (Fy (v) — T)dFy (v)
fé’ [ (230 +7)— vo} Y(u)du fob { (270 +7)— vo} (u)du

J2 g1 [ By (5 + )] $(w)du s
B F7 (G +7) — v w(w)du
Under A2K(G)(a), we have

u G2 (r) = P (D] [P uy(w)du
[ o[ )] - LG ;Jb(H)] Bt
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Under A2K(G)(b):

N - G () Jowm g (u)du
/a JK {Fv (2]0 + )] Y(u)du = (m & 1)120m o + s.0.
and
' —1 T) — U u_ifé)m/)(u)du S.0
1B i 71 = vt = S
Then,
T (G2, (7) = GRL(7)] v (o) Jo web (w)du
nlglgo 27 {E(éK) - 5K} = 2f0 i (w)du , under A2K(G)(a),
R G V() fuwo) Jy b wdu
Tim 279 [E(x) — x| e e , under A2K(G)(b).
Now we work on the variance term:
2
~+o00 2j0¢< ) u
[m fé’ [F‘; &) - vo} w(u)du] 02(Fvl(ﬁ +7 ))27du

92Jo f+°°¢2( ) (F_l(y%+7))du
2
(2}0 Ty (vo) fo up(u )uclu)

: [
— V2 (u Ndu+ [ P (u —0 +7))du| .
(2}0 Fv(vo) fU uh(u Udu / / V 2J

Thus we get
2 o2 bp2(w)d o2 0.2 (w)d
iy ar() - S0 [0 00 20 o) 0]
(Jo wo(u)du)

Finally the asymptotic normality of Sk is established by following a similar proof to that of
Theorem 3.1. Q.E.D.
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Appendix C: Technical Proofs for Results in Section 4
We recall ; [-] = 299 [27-] and the following expressions for functions L (¢) and M (v):

/I{w>t}w( Ydw and M (v //I{w>t+v}¢( Yo (t)dbduw,

Lemma C.1 Under Assumption (A4), (i) L(t) has (m — 1) vanishing moments and compact sup-
port [a,b]; (i) M(t) has compact support [a — b, b — a.

Proof of Lemma C.1. By induction. Q.E.D.
Proof of Theorem 4.1. Let

5W1 =n 1ZJWI <Z>Y[i:n],

=1
where

T (L ) ) = fol fol (t)]{w > T}wjo [w —t] Vio [% — t} dtdw

w1 .
n fo fo fo () I{w > T}H{v > T}, [w — t] Yy, [v — t] dwdvdt

We will complete the proof in two steps:

Step 1. We show &y has the asymptotic distributions stated in the theorem;
Step 2. We show: /5% (w1 — Ow1) = op (1).

Proof of Step 1: First, let us calculate lim,, o, E(Sy1):

/ " 1g(0) + 61{v > vo}] Jwi (Fy (v))dFy (v) = [ o:o 9(0) T (Fyr (v))dFy (v) + 6.

— 00

For the first term on the right hand side of the above equation,

| s hnF @)ary )

—00

2790 [ g(0) [ Ji Do (0)I{w = T}y [w — b5, [ (v) — f] dbduw] dFy (v)

2790 [ [ Jo Djo (&) I{w > TH{v > 7}1)jy [w — t] 15, [v — 1] dwdvdt
Ty
Twip’

where

. [e's) 1

Ty, — 270 [ () [ /O /0 "D (1w > hy [w — g, [Fr () — 4 dtdw] dFy (v),
o1 gl

Twrp = 920 /0 /0 /0 Do () {w > 7} {v > 7ybsy [0 — 1] by, [o — 8] dwdvdt.

For large enough j, we obtain:
Ty1 = / / [ / =+ t>>¢<s>ds] Djy ()T {w > ) [2(w — 1)) didw
- / / W () Dy (6){w > 7} [270(w — 1)) didw
0 JO

1 b .
_ 2% /0 [ / T{w > 29(7 — )} [uw] dw] D ()W (¢)dt

1 .
_ 2% /0 L(29°(r — 1)) Dy, (£) W (£)dt

1

_ (%)Q/QbL(t)W(T ~ o,
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b
W) z/ e (mo +t) Wb(s)ds.
Ignoring higher order terms, we obtain: under A2(G)(a):
W t b —t
(1 — 2%) :/a G(T+ oo )1/}(3)ds
- [a Yyt s opas 1 o (r+ ) werst < 0y
= [6(r+ 5 v 20 s+/ (r+ 5 ) B < 0)ds

le-l G(k)(T) bs—t le— lG(k)(T) b s—t
- kz::l ' /a( o) V() /a( 3 ) V)
Then,
Ty = (2]0) GG //L )(s — t)I{s — t > O}dsdt.

Under A2(G)(b):

lg—1 (k) (+ b g
wer-ty=%¢ kf )/a( 2j0t)k1/)(s)ds+s.o.

70
2 k=1

Twi = ( dedt + s.o.

1G1
SO e

_ { (23 )2m+1G(2m i f P(s)s mdsfa L) (=)™ tdt + s.o. if 1, > 2m;

2]0

ml(m— 1)'

O((55)'e™2) if I, <2m.

For large enough jo,
Twip = / / [ / [{w > 20 (r — )}y [w] d ] Djy(t)I{v > Ty (20 (v — 1)) dedv
_ / / L@ (7 — 1)) I{a < 2(7 — 1) < b}I{v > 7} [29(v — 1)) dedo

- = / [/ L(2P(r — ) +t)w(t)dt] I{v > r}dv

_ 2% M (2 (r — o)) [{v > r}dv

1 0
= 227 Lib M('U)d'U
Therefore, under A2(G)(a):

Twr  (&5) [GV ) =GO 21 @) (s)(s = )I{s — t = O}dsdt o
Twip f;)ib M (v)dv 5.0.;
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under A2(G)(b):
Tu { ()2 1.GCm D (7) [V p(s)s™ds: [ L(t)(—t)™dt
1 —_—

4+ s.0. iflg>2m

m! m—l)!fao_b M (v)dv
O((5:)lo) if g < 2m

270

Thus, under A2(G)(a), we obtain:

(L)~ GL @] L7 2 LO)(s)(s — ) {s — t > 0)dsds
fa—bM( )d'l)

Twip

lim 27 [ E(w1) — 0] =

n—oo

)

under A2(G)(b), we obtain:

. N2 - G@m=1)( P(s)s™ds- [ L(t)(—t)™tdt
llmn—>oo(2]0)2 1 |:E(5W1) - 6:| - m;/‘m 1)! j‘ {W (v)dv

limy, oo (20)1 [ E@1) - 8| = O(1), if lg < 2m.

5 if lG > 2m;

Second, let us calculate the asymptotic variance of dyyq:

125 [ & Do) T{w = 7Yy w — 1] [20(Fir(v) — )] dbdw] 02 (v)dF (v)

T3
[Fy(v1 Ave) — Fy(v1)Fy (v2)]:
I/ { o o Do) TH{w > 7}y [w — 1] [290(Fy (v1) — t)] dtdw } dm(vi)dm(vs)
A S S D () T{w > 7Y, [w — t] 4 [270(Fy (va) — t)] dtdw

Th
Twi2 . Twis

)

Tip - T
where
2
Tiwis — / U / Djo ()T {w = Ty [t — 1] [22(Fy )—t}dtdw} o%(v)dFy (v),
[Fv(vl/\vg) Fv(vl)F (Ug)]

Twis = /+Oo /+OO { PO fO Dj, () {w > 7}j, [w —t] 9 [23 (Fvgvl) t)] dtdw

} dm(v1)dm(vg).
fo fo o O I{w > 7} [w — ] [270(Fy (ve) — t)] dtdw

For the Tyy19 term

Tz = [ Py () 0(F7 ()
W12 0 w1 u)o v u U,

where

Py (u / / Djo (W) {w > 7}bs, [w — ] |27 (u — )| dtw.

Notice that for large enough jg,
Pyt (u) = / 1 [ / " Hw > 290(r - t)}w(w)dw] Djo (e [27°(u — 1)]
A 2

= /Lzﬂor—t )Djo (£ [27°(u — 1)] dt
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Therefore,

1 b—a U
50 M2(U)O'2(F 1(7' — —))du.

Twi2 =
a—b 2]0

Notice that when n — oo, ;FX"*” = O(2), while ﬁ"il?’ =0(1).

W1D W1D
In the end,
b—a 2 1 u
M=( F~ — 2 ))d
lim TVaT(5Wl) f (wo ( (7 290 ))du
oo 200 27 M) I{v < O}dv}

o2 (v) [2* M2 (v)dv + o2 (vg) [, M2 (v)dv
2
{f(?fb M(U)dv}
Proof of Step 2: Note that

n n 1 Z;‘lzl (A’L - Cz) }/zn D
\ 270 (Ow1 — Ow1) = % [n 5 } 1/ 55 S [B - 1} ;

where

A = / Zf{tj>7}% t; — 14 [27°(t; — 1)] Dy (t)dl,
2
B = /01{ 2230/2I{t > 7l [QJO(t —t)} Dj, (t)dt,

c = /0 1 /0 Dy {w > 7Y, [w— 1] [29(t; — )] e,
D = /0 1 /0 1 /0 "Dy (O Tw > TH{w > P, [ — 1] 6 (270w — 1) dwdudt.

For the term QJL'OSVVl [% — 1}, note that

A |B — D
1y , 1 4
< tim [ |2 Z2J0/21{tj >} [20(t; - 1)) —/ 202 {w > 7} [27°(w — )| dw
1 .
2230/21{15 >y [0 - )] + / 20921 (v > 739 [29 (v — 1)) dv| Dy (D)t
J 1 0
. n ‘ 1 ‘
< lim sup 200/2 ! Zf{tj > T {QJO(tj - t)] —/ Hw > 1}y [2]0(11) - t)} dw
=0 teD(t) [t 0
- sup 200/2|= Zl{t >} [2]0 (t —t / Ho > 71 [2]0 v—t dv / Dj, (t)
teD(t)
940 /2 1 1
= 0(=7)-0l55R) - 0GR
1

47



Thus,

- D
B [B - 1} — 0,(1).

Since D = O(QQLJ0 ) from Ty 1p term, thus B = 0(22%0) And note that

\/T ]-Zz 1 A C)Yr[zn]
n

j=1 H{tj = Thibj [tj — 1]
fo I{w>7}wgo[ —t]dw

Z / Dj,(t)dt sup w[2ﬂ0(t —t”Y[m}

teD(t)
- métggp A ) SR S P e
= o205 02)0,1)- 0 )
— 0,2 =0,

In the end, we have: \/%(Spm —dw1) =0, (1). Q.E.D.

Proof of Theorem 4.3: We begin with the simplest case where j;, = jo and jy = jo + 1.
Then by induction we prove the general case.

When j;, = jo, and jy = jo + 1, we have:

5o AY ()AL (r )+A]0+1( AL 4 (7)
w2 = — 5
A4)] + [Bd (7]

15 ISR = rhepl -T2 - 7))y
" L2 T{t > T [2(t — T)][20t (t — 7)) (Tl

(222 50 1t > rywlzin(t - )] + [Z22 S I > ryel2io s - )]

Let
Swa = izn: sz(%)y
where )
20 {pf2io(L — 7)) + pl2iotI(L — )]}
(14 3) Jo v()at '

We will complete the proof in two steps:
Step 1. We show &2 has the asymptotic distributions stated in the theorem;
Step 2. We show \/2%(514/2 — dwa) = o, (1).
Proof of Step 1: First

| 160 + 5110 > v} Iwa(Fr@)dF ) = [ g@)Iwa(Fr()dFy(0) +3

%o FV (v) — 2¢ o[2(Fv (v) —7)]
3 / (t)dt T3 / : zp( )dt dFv () +6

Jm(%) =

- 2p4+lipys
31+32+7
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where

L el =
P = [wg<> ST

e (R -]
Pro= [ oS ),

From the proof of Theorem 3.1, we know: under A2(G)(a):

2%0 [GS})(T) — G(_l)(T)} fé’w(u)udu

h = b + s.o.,
Jo ¥(u)du
(1) (1) b
p, = 2 L. [G+ (1) ; G- (T)] Jo ¥ (u)udu e
Jo ¥(u)du
Then,
5 [ (1) b
2 L, 20 [G+ (1) — G- (7')} fo Y(u)udu

Again from the proof of Theorem 3.1, we know: under A2(G)(b):

(555)"G ™ (7) [, wp(u)du

P1 = + s.o.,
fo 1/}(“)
()™ G (1) [ ump(u)du
P, = s.0.
: v (u)du !
Then,
(55 )™(2 + 5) G (1) [2ump(u)du
§P1 - 3P2 3 J2 v(u)du e

Thus when K,, =1,

5[60(n) - 69 ()] Jg v wudu

Jim 2Jo [E(SWZ) - 5] = 6 Po(ad , under A2(G)(a);
o Y(u)du
: — NG (1) [P umap(u)du
Jim 2mJe [E((SWQ) - 6} = @+ 2m)c§f§fb()u{jiu Ylud , under A2(G)(b).

Second, let us calculate lim,, o, nVar(dwz) with K,, = 1:

o [290 [y[27(Fy(v) - 7)) + 622 (Fy (0) - r)}}] T
/_oo l (1+ 1) [Eo(t)dt ®)dFy (v)
[Fv (v1 Av2) — Fy(v1) Fy (v2)]
400 r+00 Vjo[Fy (v1) — 7] Vjo [Fv (v2) — 7]
S b T H bt T | amaganen
(3 frvwal]

= Awar + Awoo,
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where

e (2 R (Fy (v) — 7)) + R (Fy(v) - D]

Ay = [m[ D Fed ]U@MR@%
[Fv(v1 Avg) — Fy(v1) Fy (v2)]
400 ptoo 1/1]'0 [Fv(’l)l) — T] wjo [FV(UQ) - T]
Awa = /_ N /_ . { i [2(Fy (v1) — 7)) }{ i [2(Fy (v2) — 7)) } dm(v1)dm(va).
[0 2 voa]
Since,

e [200 ([0 (Fy(v) — 7] + 20 (Fy (o) — 1}

Awa = [ [ T Fewd ]a(@ﬂ%@)

- il Py (v) — 7 ° 1o T2y, 2(F (v) - 7)]]°
_ 9/ [ j g ] - (v)dFv(v)+9/ l i ot 1 o2 (v)dFy (v)

/ wjo FV ’U) 2]°+11/1[230+1(FV( ) )] 2(U>dFv<’U)
[Jo(t)de]”
Pt 4 oo 9oy[ab (Fy(v) — T)]HtgRI(Fy (2) — 7)
A+ -
3 ! 9 / [f(;)w(t)dtr
9Jo+1 8 2Jo

b
= —3 A+ *m [Ui(vo) —o? (vo)} /0 Y(u)yp(2u)du + s.o.,

when n — oo, Ayo1 = O(27°), while Ayreo = O(1). Therefore when K,, = 1,

o?(v)dFy (v) + s.o.

9 oio+3[0% (v0)—02 (vo)] 7 () (2u)du
lim —Var(&wg) -V+

e ? 9 [J3 witpat]

Proof of Step 2. It is similar to that of Theorem 3.1. Q.E.D.

Proof of Theorem 4.5: We begin with the simplest case with j; = jo and jy = jo+ 1. Then
by induction, we prove the general case.

When j;, = jo, and jy = jo + 1, we have:

Y%, Jo AY (1) A 5’() ()

Sws = ,
zgmﬁ%d}z
Jo A, (1) A%, (t) D ﬁ+k AY ()AL (8) Djyra(t)dt
- 2 2 .
Jy [AL @] D <m+h[mﬂw]@HNMt
Let
1 i

dws = > Jws(=)Yim

=1
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where

7 1 r1 g

Zh(D) = | /0 Hw > 7hsg lw— 1 [20(2 — 0)| Dy (Bded,
7 1 r1 . 7

Zio(l) = [ [ Tw = rj2e, 200 - 0)0 2771 - 0] Diya (e,
0, = /01 /01 /01 Hu > 7H{v > T, [u— 1y [270 (v — 8)] Dy (t)dudvdt,

@ = [ [ [tz nrtez nze o - )0 27 0 - 0] Dy (Odudvct

We will complete the proof in two steps:
Step 1. We show dyy3 has the asymptotic distributions stated in the theorem;
Step 2. We show: /57 (dws — dws) = op (1).

Proof of Step 1: First, let us calculate the lim, .., F(dw3):

| lot0) + 8140 = w0l ws(Fr @)y (0) = [ go)hwa(Fy()dFy (0) +6.
From the proof of Theorem 4.1, we know
50 M(v)dv
Qut @ =

Under A2(G)(a):

|90 [Zs(Fro) + st?,(Fv(v))} aFy(v)

—00
1

- 9(2j0+1

)3 [G(l (1) / / L(t (s —t)I{s —t > 0}dsdt + s.o..
Then when K,, =1, ignoring higher order terms, we have
| s@dwa(Fr()dFy ()

9(55) (G (1) = GO D) 2 17 Leys)(s — )T {s — t = O} dsdt
10 [0, M (v)dv '

Under A2(G)(b) and I, > 2m:

| 90 [ZsFr @) + Zios B )] dFy (o)

- 1 2m+1G (2m-1) sMds bL _ mfld
— [l—i-(;)Zm—H]( ) ( L{;(d}( )1)‘ fa, (t)( t) t—I—S.O..

Then when K, =1,

| o) hwa(Fy @)y (v)
44 (321 ()21 GEmD(r) [ p(s)s™ds [ L(t) ()™ Ldt
= + s.0..
sml(m — 1) [0, M(v)dv
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Therefore, under A2(G)(a),

Jim 20 [EGws) 9

9[GW () = GO 2 2 L)) (s — ) {s —t > 0}dsdt
10 ff_b M (v)dv ’

under A2(G)(b),

lim 2(2m71)j0 [E(gwg) — (5]

|4+ (371 GE () [ (s)s™ds [} L(t)(—t)"dt
sml(m — 1) [0, M(v)dv '

Second, let us calculate lim,, o, nVar(Sw3) with K,, = 1,

lim 2£ Var (gwg)

n—oo 2J0
L MA et (B (7 — ) du [ M (w)o? (Fy (7 — 55))du
B 240 (Q1 + Q2)? 2350+3(Q; + Q)2
2 400
G a7 | BB B (B 0o ()
18 Crossy
= =V +

25 (Q1+ Q2)%’

where

Cross; = 2/::0 Ziys(Fy (v)) Z3,5(Fy (v) o (v)dFy (v)

1 +o0 2/ 1 U
= o ) M (u)M (2u)o*(Fy, (7'72%))du.

Therefore when K, =1,

B 9J0+3 [ 42 e b M (u)M (2
lim i.Var((sW?)) = §VW1 + (7% (v0) — o= (v0)] Jo M (u) M( u)du.

e » 9 Jy wityae]

The proof of second step could be obtained analogous to Theorem 4.1. Q.E.D.
Proof of Theorem 4.7: We will complete the proof in two steps:
Step 1. We show 6 1 his the asymptotic distributions stated in the theorem:;
Step 2. We show: \/23170(5;(1/‘/1 —O0xw1) = op (1).
Proof of Step 1. Note that

| L) + 85V = w)I{o > w0}l Tiwn (Fy (0))dFy (o)

= [ a0} (Fy (o) dFy (0) + 6.

For the first term,

/O:O gK(v)JKWl(FV(U))dFV(U) :jz;j(m]j/l*lD’
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where

Tews — / gK()[fo 13 Dis(®) (B (w) = vo) I{w > 7} Py ().

%[ —t]WO(va )] dtdw

Txwip = ///l _UO)I{“)>T}(F (v) - )]dwdvdt.

I{v > T}%o [w— ]2 [270(v - 1)]

Then for large enough 7o,

Trw1

= / / [/ u))j, [u — 1] du} Djy(t) (F‘;l(w) — vo) IH{w > 1}y {Qjo (w — t)] dtdw
- / / [/ 91 (F, % J(s )dS] o (t) (F;l(w) - vo) Hw > 1} [Qjo(w — t)} dtdw
= /0 /0 Wic(t)D; (t) (Fy ' (w) = vo ) Tw > 7}y |27 (w — 1)] dtduw

= /01 [/1 (F‘;l(w) — UO) Hw > 71}y [QJO (w— t)} dw} D, ()W - (t)dt

0

- =L

Firl (g5 +) = wo| Hw = 20(r = )} fu) d ]Dm(t)WK(t)dt,

where

/ g (F 2? )i(s)ds.

Under the conditions of part (i) and ignoring higher order terms, we have:

Trw1
1 ° _ n, w w

o / L(w
b rb

_ 25j0flv (W; [G%(T) -6 () / / (5 — w)20(s)[{s — w > O} [L1(w) — wlo(w)] dsduw.

Under the conditions of part (ii) and ignoring higher order terms, we obtain:

Trw1
R I R IO WA | "
- w1 [FV 0] (35) 30| THw 2 226 — 0} [ul du| Dy OW (o)
@ L =0 :
- - w 1@ y
_ L S b 0 L) [F - )] Wik — ) dw
20 Qjof LO( )WK(T_QJT)dw
1 2m—1 2m—1
p=1 k=2
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where

_ 11 b _ ®», w
Ap, = 2jop!/a Lo(W) [F (7)™ (=5 Wi (7= oo )dw for 2m =12 p > 1,

a4 = L '
kT 2kjo(k—1)!/a b1 (w)

Notice that

(k=1)
_ w
Fvl(T - 2]'0):|

WK(T——)dw for2m —1>k > 2.

270

. 1 —1,_\i(1) m o [ m1

AL = M[FV ()] (m+1 _1 /LO —t) dt/a P(s)s" " ds + s.o.,

(2m—1) b

- 1 1 -1 (2) G ( ) m m+1

A = gy 7 O o 2)!/a Lo(t)(~1) dt/a ¥(s)s™ds + s.0.,
_ 1 1 _ G(mH ym m+1

Aim = e Ev 1" m+1 /LO dt/a V(e)s™ ds + 20,
_ 1

Alp = O(m) for p>m.

Thus,
2m—1

m ™ % G(2m+1_i)(7—)
Z A= 22+2m /LO dt/ vls “dsZ[ 1(T)]()z'!(m[ir1)!(m—z‘)!JrS'O"

=1

Ignoring higher order terms, we get: for A, term,

o 1 b m 1 m+1 () Ggm—’—l_i)(’r) .
A2_42(2+2m)70/a La(®)( dt/ V(s s 3 ) = D)lm+Dl(m =)

=1

for As term,

As

1 1 b m ™ i
_ 572(2“1%)].0/“ La(t)( th/ p(s)s™ Lds Z [Fyt ()Y ] (m+1)( et

=1

Apply the similar procedure till A,, 1 term,

1 G(m+1)( )
gt mbx \T)
Amt1 = ol @2 / L, dt/ P(s ds - [Fy;H ()™ (m+1), + s.o..
And
Aq = O(W) When q >m + 1.
Therefore,

1 b Ui
Tkwi = m/a @D(S)Sm+1d8 [FO + ;Fl‘| .
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For Txwip term,

/ [ /{ @)~ w) Hw = 7} (') = o) }dwdvdt
I{v>f}%o[ ft] [2”( —1)]
o )1

Dy (t) (Fa ( ) )I{v Th [QJO(U_t)]
= Cl+C2+RE,
where
C, = / / — Uo Lo(27° (1 — t)D,, (1) (F‘;I(v) - 1)0) IH{v> 71}y [Qjo(,u _ t)} didv,

Cy = / / 2]0 230 ))Djo (t) (F‘;l(v) — Uo) I{v>T1}y |:2j0 (v — t)} dtdv,

RE = EZ/./ O L@~ 0)D,,(0) () — o) I = )0 [20(0 — 1) dea.
For 4 term,

1 0
0] /a_b |2M(t) — tMi(t)] dt + 5.0,

For (5 term,

Cy=

1 0
_Wé(vo)/ [FMa(1) dt + 5.0

For RE term, RE = 0(24]0) Hence,

Trewip=—— o) /aob [2M (1) = tMy(t) = tMs(t)] dt + 5.0..

24jo f‘2/
Then under the conditions of part (i):

Tim 27 [B(3x) — 0|

(G324 () = GRL(D)] S (wo) 2[5 = w) () {s = w > 0} [Ly (w) — wLo(w)) dsdu
2 [0 [2M () — tMy(t) — tMo(t)] dt '

under the conditions of part (ii):

< o) L (s)s™ 1 ds Do + 37 T
t

lim 29 [E(Gx) — bk | = O [ M(t) — IV () — EMa ()] dt

n—oo
For the asymptotic variance,

I%% [fol Jo Do () (Fy H(w) — vo)I{w > 73y, [w — ] 4 [270(Fy (v) — t)] dtdwf o2(v)dFy (v)

2
TKWlD

_ Tkwi2

2 )
TKWID
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where

Trwi2

= /_O:O {/01 /01 Djo(t)(Fx71(w) —vo)[{w > T}1pj, [w —t] [2jO(FV(U) _ t)} dtdwra2(v)dFv(v)

1
= /PI2(W102(F\_/1(U))dU7
0

in which

Prw1 = /01
- /01 {/ab {F‘;l(t) — o + [F‘;l(t)](l)(%) + s.o} [{w > 290(r — t)}w(w)dw}
Djy (t) [23'0 (u— t)] dt

— /01 [F‘;l(t) - vo] Ly [21'0 (1 — t)] Dj, (t) [2j0 (u— t)} gt

/0 D () (F5 () — vg){w > Thpy, w — ¢ [2°(u — )| dtdw

+2% /0 1 (B )" L [270(r = 0)] Dy (0 [20(w — )] dt + s
1 0 1 o
- 72j0fv(vo) (u—T1)M [23 (r— u)} +722j0fV(U0)M1 {23 (r— u)}
1 .
+m]\/lg [290 (r— u)} +s.0..
Thus
oo 1 o2 (vo) [, [My(t) + Ma(t) — tM (1)) dt so
W95 f2 (vo) | +02_(vo) Jy~* [My(t) + Ma(t) — eM(8)]Pdt |
and

. n N
lim %VCLT((SKWl)

n—oo

12 (vo) (02 (vo) fyy [Ma(t) + Ma(t) — M ()] dt + 02_(vo) fy~* [Ma(t) + Ma(t) — M (1)) ]

(9., 1220 (t) — tML(1) — eMa ()] ]

The proof of the second step could be obtained analogous to Theorem 4.1. Q.E.D.
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Table 1: Model 1

n = 500
Scale 1 2 3 4 ) 6
Single scale with single location §
Bias  1.8899 0.51305 0.32227 0.23813 0.27612 0.21523
Std  0.02045 0.17181 0.24607 0.24607 0.35501 0.52015
MSE 3.5723 0.27465 0.13338 0.11725 0.20228 0.31688
Single scale with many locations dyq
Bias 1.1810 1.14143 0.60293 0.23328 0.25288 0.25542
Std  0.01060 0.02246 0.03693 0.05894 0.14328 0.14719
MSE 1.3950 1.30336 0.36489 0.05789 0.08448 0.08690
Many scales with single location dyo (K, = 2)
Bias  1.8091 0.43207 0.29186 0.24589 0.25263 0.21355
Std  0.01999 0.08601 0.12924 0.18799 0.27649 0.42293
MSE 3.2735 0.19408 0.10189 0.09581 0.14027 0.22447
Many scales with many locations dys (K, = 2)
Bias  1.1609 1.02915 0.52829 0.23803 0.25363 0.25503
Std  0.00970 0.02070 0.03448 0.05750 0.10538 0.11776
MSE  1.3479 1.05958 0.28028 0.05996 0.07543 0.07891
n = 2500
Scale 1 2 3 4 5 6
Single scale with single location &
Bias  1.8256 0.52631 0.28373 0.24094 0.22803 0.25524
Std  0.00947 0.04580 0.07432 0.10881 0.15872 0.21760
MSE 3.3330 0.27910 0.08603 0.06989 0.07719 0.11250
Single scale with many locations dyyq
Bias  1.1813 1.16796 0.48132 0.24961 0.25284 0.25431
Std  0.00495 0.00974 0.01878 0.02619 0.03831 0.05950
MSE  1.3957 1.36423 0.23203 0.06299 0.06539 0.06821
Many scales with single location dyo (K, = 2)
Bias  1.7437 0.43296 0.26356 0.23928 0.23944 0.25369
Std  0.00947 0.03819 0.05702 0.08025 0.11818 0.16321
MSE 3.0406 0.18892 0.07271 0.06369 0.07129 0.09099
Many scales with many locations dys (K, = 2)
Bias  1.1621  1.04032 0.43238 0.25035 0.25310 0.25411
Std  0.00443 0.00923 0.01716 0.02357 0.03574 0.05456
MSE 1.3505 1.08235 0.18725 0.06323 0.06533 0.06755
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Table 2: Model 2

n = 500
Scale 1 2 3 4 5 6
Single scale with single location §
Bias 0.56924 0.03767 -0.00589 -0.00827 0.00133 -0.00110
Std  0.02066 0.10921 0.17378  0.24238  0.35301  0.51970
MSE 0.32446 0.01334 0.03023 0.05881 0.12462 0.27009
Single scale with many locations dyq
Bias 0.16051 0.39249 0.19918 -0.00040 -0.00648 0.00037
Std  0.01073 0.02222 0.04216  0.05938  0.12250  0.14753
MSE 0.02588 0.15454 0.04145 0.00352 0.01504 0.02176
Many scales with single location dyo (K, = 2)
Bias 0.53853 0.02124 -0.00556 -0.00458 0.00166  0.00026
Std  0.02010 0.08693 0.13176  0.18840 0.27419  0.42692
MSE 0.29042 0.00800 0.01739 0.03551  0.07518  0.18226
Many scales with many locations dys (K, = 2)
Bias 0.19271 0.35004 0.15825 -0.00143 -0.00400 0.00066
Std  0.00972 0.02115 0.03774  0.05535 0.09410 0.11833
MSE 0.03723 0.12297 0.02646  0.00306  0.00887  0.01400
n = 2500
Scale 1 2 3 4 5 6
Single scale with single location &
Bias 0.50762 0.09212 0.00137 -0.01301 -0.01088 -0.00316
Std  0.00954 0.04811 0.07736  0.10636  0.15041  0.22983
MSE 0.25777 0.01080 0.00598 0.01148 0.02274  0.05283
Single scale with many locations dyyq
Bias 0.15464 0.42798 0.11587 -0.00024 -0.00138 -0.00730
Std  0.00518 0.01062 0.01712  0.02644  0.04047  0.05966
MSE 0.02394 0.18328 0.01372  0.00069 0.00164 0.00361
Many scales with single location dyo (K, = 2)
Bias 0.48121 0.05740 -0.00448 -0.0110 -0.00707 -0.00238
Std  0.00952 0.03820 0.05744  0.07872 0.11614 0.17130
MSE 0.23165 0.00475 0.00332 0.00631 0.01354  0.02935
Many scales with many locations dys (K, = 2)
Bias 0.19268 0.36962 0.09124 -0.00075 -0.00285 -0.00795
Std  0.00472 0.00981 0.01567  0.02481 0.03719  0.05572
MSE 0.03715 0.13671 0.00857  0.00061 0.00139  0.00316
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Table 3: Model 3

n = 500
Scale 1 2 3 4 ) 6
Single scale with single location §
Bias  1.3147 0.40031 0.17508 0.03774 0.03576 -0.00841
Std  0.02072 0.10775 0.17249 0.24849  0.34953  0.52059
MSE 1.7290 0.17186 0.06040 0.06317 0.12345 0.27108
Single scale with many locations dyq
Bias 0.72221 0.67465 0.26152 -0.01437 0.00140 0.00901
Std  0.01081 0.02238 0.03728 0.06064 0.12690 0.14753
MSE 0.52170 0.45565 0.06978 0.00388 0.01610 0.02184
Many scales with single location dyo (K, = 2)
Bias  1.2595 0.30005 0.11654 0.03105 0.01737 -0.01309
Std  0.02025 0.08542 0.13085 0.18742 0.27159 0.42165
MSE 1.5869 0.09732 0.03070 0.03609 0.07406 0.17796
Many scales with many locations dys (K, = 2)
Bias 0.70405 0.58876 0.20586 -0.01022 0.00351 0.00749
Std  0.00980 0.02070 0.03460 0.05743 0.09661 0.11894
MSE 0.49579 0.34707 0.04357 0.00340 0.00934 0.01420
n = 2500
Scale 1 2 3 4 5 6
Single scale with single location &
Bias  1.2660 0.40237 0.13346 0.05457 0.01173 0.01949
Std  0.00919 0.04578 0.07474 0.10968 0.16162 0.21138
MSE 1.6028 0.16400 0.02339 0.01500 0.02625 0.04506
Single scale with many locations dyyq
Bias 0.72128 0.69221 0.17167 -0.00142 0.00070 0.00087
Std  0.00478 0.00975 0.01713 0.02711 0.03861 0.05751
MSE 0.52027 0.47926 0.02976 0.00073 0.00149 0.00330
Many scales with single location dyo (K, = 2)
Bias  1.2097 0.29508 0.09356 0.03735 0.01369 0.01499
Std  0.00893 0.03746 0.05788 0.08500 0.12059 0.16217
MSE 1.4636 0.08847 0.01210 0.00862 0.01473 0.02652
Many scales with many locations dys (K, = 2)
Bias 0.70351 0.59553 0.13510 -0.00097 0.00065 0.00077
Std  0.00438 0.00910 0.01586 0.02480 0.03550 0.05481
MSE 0.49494 0.35474 0.01850  0.0006  0.00126 0.00300
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Table 4: Model 4

n = 500
Scale 1 2 3 4 5 6
Single scale with single location §
Bias  0.76726 0.13214 0.04122 -0.00451 0.01112 -0.01362
Std  0.02089 0.10759 0.17274 0.24254  0.35835  0.52279
MSE 0.58913 0.02904 0.03154 0.05884 0.12853  0.27350
Single scale with many locations dyq
Bias  0.46991 0.44709 0.17340 -0.00769 -0.00031 0.00466
Std  0.01096 0.02238 0.03677 0.05917 0.11750  0.14873
MSE 0.22094 0.20039 0.03142 0.00356 0.01380  0.02214
Many scales with single location dyo (K, = 2)
Bias  0.72995 0.09286 0.02400 -0.00127 0.00174 -0.01317
Std  0.02038 0.08484 0.13091 0.18938  0.28215  0.43292
MSE 0.53325 0.01582 0.01771 0.03586  0.07961  0.18759
Many scales with many locations dys (K, = 2)
Bias  0.45927 0.39024 0.13675 -0.00567 0.00116  0.00395
Std  0.010004 0.02078 0.03406 0.05531  0.09130  0.12020
MSE 0.21103 0.15272 0.01986 0.00309  0.0083  0.01446
n = 2500
Scale 1 2 3 4 5 6
Single scale with single location &
Bias 0.74038 0.13072 0.01623 0.00481 -0.00829 -0.00970
Std  0.00872 0.04857 0.07493 0.09976  0.14984  0.21606
MSE 0.54824 0.01944 0.00587 0.00997 0.02252  0.04677
Single scale with many locations dyyq
Bias 0.47196 0.45551 0.10940 0.00092  0.00017 -0.00286
Std  0.00472 0.01058 0.01650 0.02731 0.03946  0.05732
MSE 0.22277 0.20760 0.01224 0.00074 0.00155  0.00329
Many scales with single location dyo (K, = 2)
Bias 0.70192 0.08772 0.00947 -0.00099 -0.00900 -0.01215
Std  0.00868 0.03806 0.05706 0.07918  0.11714  0.16592
MSE 0.49277 0.00914 0.00334 0.00627 0.01380 0.02767
Many scales with many locations dys (K, = 2)
Bias 0.46062 0.39143 0.08640 0.00062 -0.00052 -0.00235
Std  0.00432 0.00970 0.01519 0.02541  0.03620 0.05276
MSE 0.21219 0.15331 0.00769 0.00064 0.00131  0.00278
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